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Chapter 1

Introduction

I.1 Historical Introduction

The theory of symmetric spaces was initiated by E. Cartan in 1926. While he
was studying Riemannian locally symmetric spaces, he discovered, via the paper
by H. Weyl [Wey26], that the problem he was studying was equivalent to the one
he had studied some twelve years earlier, namely the classification of real forms of
complex semisimple Lie algebras.

The original definition of symmetric space belongs to the realm of Rieman-
nian geometry, in that a Riemannian symmetric space was originally defined as a
Riemannian manifold whose curvature tensor is invariant under parallel
translation. While the Riemannian geometrical acception has not faded, Cartan
discovered that symmetric spaces are as related to Riemannian geometry as they
are to Lie groups.

There are at least three good reasons to study symmetric spaces:

e They connect seemingly different fields of mathematics, and hence each one of
the fields can enhance the knowledge about the other. As Cartan put it: " The
theory of groups and geometry, leaning on one another, allow one to take up
and solve a great variety of problems”, [Car26].

e Many well known examples are indeed symmetric spaces.
e They are beautiful!

Examples. (1) The Euclidean n-space E := (R", gg,«) is a symmetric space. Its
sectional curvature vanishes everywhere. Its isometry group is O(n) x R™.

(2) The unit sphere S™ in R"! equipped with the Riemannian metric induced by
R"*! is a symmetric space whose sectional curvature is everywhere equal to one.
Its isometry group is O(n, R).
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(3) Let ¢: R*™ — R be the quadratic form associated to the symmetric bilinear
form of signature (n, 1)

(T,y) =21y + +++ + ToYn — Tnt1Ynt1 -
Then
Hp = {z € R"": q(x) = (z,7) = —1 and z,,4; > 0}
is the (real)E] hyperbolic n-space. To give it a metric, write for every x € Hg
R =Rz @ (Rz)" where (Rz)" = {yeR""™": (z,y) =0}.

Since (z,x) = —1, the restriction (-, )|, is positive definite and hence defines
a Riemannian metric on Hy. Hy is a symmetric space whose sectional curvature
is identically equal to —1. Its isometry group is O(n, 1), where

O(n,1) = {g € GL(n + 1,R) : q(g9v) = q(=) for every x € R"™}
and
O(n,1)+ ={g€0(n,1): gHg = Hg}.

In each of the above cases it is easy to see that the isometry group acts transitively
on the symmetric space.

1.2 Overview

I.2.1 Riemannian Geometrical Characterization of Symmet-
ric Spaces

"'We could define also the complex and quaternionic hyperbolic space. Let K = R,C or H.
Recall that the quaternions H is a four dimensional algebra over R with basis {1,4, j, k}, where
1 is central, ij = k, jk = i, ki = j, and > = j2 = k> = —1. Endow the space K*™! with the
K-Hermitian form ¢ defined by

q(m, Z/) =X1Y1+ o T TnplYn — Tntl1lYntl s

(where conjugation is of course trivial in R). If PK™ is the projective space PK" = (K"*1\ {0})/K*,
the set

Hyg = {x € PK" : ¢(z,z) < 0}.

is called real, complex or quaternionic hyperbolic n-space Hg, according to whether K =R, C
or H. Tts dimension is, accordingly, n, 2n or 4n.
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Convention. A manifold is always assumed to be connected, second countable,
paracompact, Hausdorff and finite dimensional. The only exception are Lie groups,
that are allowed to have several components.

If M is a Riemannian manifold and p € M, a geodesic symmetry at p is a map
defined in a neighborhood of p that fixes p and reverses any local geodesic through

D-

Remark. A geodesic symmetry need not be an isometry and need not be defined
on the whole of M.

Definition: Riemannian Symmetric Space

The Riemannian manifold M is Riemannian locally symmetric if for every
p € M, there exists a geodesic symmetry s, that additionally is an isometry
on its domain.

A Riemannian manifold is a Riemannian glolbally symmetric space if it
is locally Riemannian symmetric and in addition for every p € M the geodesic
symmetry s, is defined on the whole of M.

Example. (1) As an exercise define the geodesic symmetry in the case of S™ and
of Euclidean n-space.

(2) Let HE be hyperbolic n-space. We can identifyﬂ the tangent space T, Hg at the
point z € HE with 2+ = {y € K" : ¢(x,y) = 0}. The Hermitian form ¢ has
signature (n,1) and K" = (Kz) @ (Kz)t, so that the restriction of ¢ to x+
is positive definite. It follows that Req(u,v) descends to an inner product on
T, Hyg that turns Hg into a Riemannian manifold.

If for example K = R, then geodesics in this model are the intersection of the
hyperboloid with planes through the origin. The geodesic symmetry is defined
at x by

s:(y) = —2xq(x,y) —y.

In fact, we will show that a geodesic symmetry is characterized by s, € O(q, K),
(s¢)? = Id, s,(z) = z and s, preserves the Riemannian metric: namely, if
z € Hg, then d.s,: T;Hg — T, (-)Hg has the property that

2Consider the map F(z) = q¢(z,x) + 1. If z € F~1(0), then kerd,F = T,(F~1(0)), and
(deF)(y) = Fli=oF(z +ty) = 2q(,y).
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where we have used that the differential of a linear map is the linear map itself.
If follows also that, if v is a tangent vector at x, then

s (v) = 2uq(z,v) —v=—v.

We will see that if M is Riemannian globally symmetric, then it is complete
and the connected component of its isometry group is small enough to be finite
dimensional, but large enough to act transitively. The stabilizer of a point is going
to be a compact subgroup of Iso(M)°.

We next list a few more (and less well known) examples:

Example. (1) A compact semisimple Lie group can be turned into a Riemannian
symmetric space.

(2) Any compact orientable Riemann surface of genus g > 2 is locally Riemannian
symmetric but not Riemannian symmetric. They are all quotients H2 /T, where
' < Iso(H3)° is a discrete cocompact subgroup (isomorphic to the fundamental
group of the surface).

(3) Quotients of 2-dimensional real hyperbolic space by SL(2,7Z) or by any finite
index subgroup are locally Riemannian symmetric with finite volume but not
compact).

(4) Borel showed that any Riemannian symmetric space, whose isometry group
is semisimple, admits a quotient that is of finite volume and compact (using
number theoretical arguments).

In fact, developing the theory leads to the first fact that any symmetric space is
of the form R™ x G/K, where R™ is a Euclidean space and G is a semisimple Lie
group that has an involutive automorphism o whose fixed point is essentially K (in
fact, (G7)° < K < G7).

It is clear from the above examples that the theory of Riemannian locally sym-
metric spaces is part of the realm of discrete subgroups of semisimple Lie groups.
We will soon leave aside the Riemannian locally symmetric spaces and concentrate
on the Riemannian globally symmetric ones.

1.2.2 Algebraic Characterization of Symmetric Spaces

A symmetric space can be characterized from a purely algebraic point of view as
follows. Take a connected Lie group and o: G — G an involutive automorphism
0> = Id. A symmetric space for G is a homogeneous space GG/H such that
H < G is an open subgroup (hence union of connected components). If the group
G of o-fixed points is compact, then G? can be equipped with a Riemannian metric
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by considering any G?-invariant inner product on the tangent space at eG? (which
is possible since G is compact) and smearing it around using the G-action. If
(G7)° < K < G7, then G/K is a Riemannian symmetric space.

Remark. Differentiation of o gives a decomposition of g into g = h & m, where
h = Lie(H) is the eigenspace with eigenvalue +1 and m is the eigenspace with
eigenvalue —1. Then [h,h] = b, [h,m] C m and [m, m] C h. These three conditions
indeed are equivalent in turn to the existence of an involutive automorphism of G
with b as a +1 eigenspace and m as a —1 eigenspace.

1.2.3 Equivalence between the two Characterizations

If M is Riemannian symmetric, then M = G/K, where G = Iso(M)° and K =
Stabg(p), where p € M is any point. Then K is compact and o: G — G, defined by
o(g) = spgsp is an involutive automorphism of G such that (G?)° € K C G° (and
is hence open).

To see the converse, that is that M = G//K is Riemannian symmetric, we need
to define s,: M — M, where p = hK € M. For | € G we set s,(IK) = ho(h ') K,
where ¢ is the involution of G fixing K. One can then see that s,(p) = p, s, € Iso(M)
and d,s,: T,M — T,M is just dps, = —Id.

1.2.4 Decomposition, Classification and More to Follow

In 1926 Cartan classified all simply connected Riemannian symmetric spaces. Using
the de Rham decomposition, one can see that any simply connected Riemannian
symmetric space can be written as a product of My x M, x M_, where

— My has zero curvature and is hence isometric to R";
— M, has non-negative sectional curvature;
— M _ has non-positive sectional curvature.

The simply connected symmetric spaces of non-negative curvature are those of
compact type, while the M_ are of non-compact type. Both have semisimple
isometry group. The compact and non-compact symmetric spaces are moreover dual
one of the other (resembling the analogy between spherical geometry and hyperbolic
geometry, that can be, in fact, explained by this duality).

An important invariant of a symmetric space is its rank. This can be explained
from a Riemannian geometrical point of view as the maximal dimension of any
totally geodesic subspace of M (that is the maximal dimension of a subspace of the
tangent space to any point in which the curvature is zero). From the Lie theoretical
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point of view the rank is given in terms of the dimension of a Cartan subalgebra,
that is a maximal Abelian subalgebra that is diagonalizable.

If the rank is one, the maximal flats are geodesics. Thus the curvature is either
negative or positive, and we have as examples the hyperbolic spaces defined before
(in negative curvature) and the sphere (in positive curvature).

Here we will focus mostly on symmetric spaces of non-compact type. In this
case K < (G is a maximal compact subgroup (and all maximal compact are conju-
gate). We will also see various decompositions such as the Cartan and the Iwasawa
decomposition. Finally we will study the geometry at infinity of a symmetric space.

I.2.5 (Maximal) Prerequisites in Riemannian Geometry

e Parallel transport, geodesic and the exponential map;
e [sometries of a Riemannian manifold as a metric space;

e de Rham decomposition;

Levi-Civita connection;

Curvatures (Riemann curvature tensor, sectional curvature);

Jacobi fields.

1.2.6 Textbooks



Chapter 11

Generalities on Riemannian
Globally Symmetric Spaces

II.1 TIsometries and the Isometry Group
A Riemannian metric g on a smooth manifold M is a map that associates to every

x € M a scalar product on T, M such that for every coordinate chart p: U — R"
the function

U— R
e o (dop) (&), (dop) M (e5)) 1<d,j<n

is smooth, where e; denotes the j-th vector of the standard basis of R".
The length I(c) of a smooth pathl| c: [a,b] — M is defined as

1) = [ \Jmo@l), et
I

where ¢(t) is the tangent vector to the path ¢ at the point ¢(t).
If M is connected,

d(xz,y) = inf {i(c) : ¢ a smooth path from a to b}

defines the Riemannian distance between two points x and y.
A geodesic between two points is a smooth path that is length minimizing.

!By a smooth map c¢: I — M from an interval I C R into a smooth manifold we mean the
restriction of a smooth map defined on an open interval containing I.

9
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Definition: Isometry

An isometry between two Riemannian manifolds (M, g), (N, h) is a diffeo-
morphism f: M — N such that g = f*h, that is, if d,f: T,M — Ty, N is
the differential, then

hf(p)(dpf(u)7 dpf(v)) = gp(ua 1}) )

for all w,v € T,M.

r

It is easy to see that a Riemannian isometry maps geodesics to geodesics and
hence preserves the Riemannian distance. But actually the converse also holds:

Theorem II.1: [Hel01, Theorem I.11.1]

Let M be a Riemannian manifold and ¢: M — M a diffeomorphism. Then
the following are equivalent:

(i) ¢ is a Riemannian isometry,

(ii) ¢ preserves the Riemannian distance.

7~

The following is an extremely useful rigidity result for connected Riemannian
manifolds. Its states that Riemannian isometries are completely determined by the
local data at one point.

Lemma II.2: [Hel01, Lemma 1.11.2]

Let f;: M — N, 1 = 1,2, be two isometries between Riemannian manifolds
and assume that M is connected. Suppose there exists a point p € M such
that

filp) = f2(p) and dpf1 = dpfo.
Then fl = fg.

We start the proof by recalling few facts that will be useful also in the following.
The Riemannian exponential map Exp, at a point p € M is defined from a neigh-
borhood Uy of 0 € T,M to a neighborhood of p in M as follows. Let X, € T,,M,
and let vx, be the unique geodesic vx, : (—¢,€) — M, such that

1,0 =p  and  Ax,(0) = X,.

Exp,(Xp) = 7x,(1).
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An open neighborhood of p that is the diffeomorphic image of a star shaped neigh-
borhood of 0 € T, M under Exp, is called a normal neighborhood

If f: M — M is an isometry and 0 € Ny C T,M (resp. 0 € Ny C Ty M) is a
neighborhood where Exp, (resp. Exp;,) is defined, then the diagram

d
Ny - N

El lExpf@)
ML

commutes.

Proof of Lemma[[l.3 . By hypothesis f == fy;' o fi: M — M is an isometry that
satisfies
f(p)=p  and d,f =1d.

so that the set
S={qeM: f(q) =q, dof = 1d}

is closed and non-empty as p € S. We show that S is open.
Let ¢ € S and U = Exp,(Ny) a normal neighorhood of ¢. Then for all v € T,M
and t € R with tv € Ny we have

S (Expy(tv)) = Expjq) (tdy f(v))
= Exp,(td,f(v))
= Exp, (tv)

which shows that f|y = Id. Thus U C S and hence S is open. As S is a closed and
open non-empty set of the connected set M it is equal to all of M. |

The isometries of a Riemannian manifold (M, g) form a group under composition,
denoted Iso(M), that can be endowed with the compact-open topology, i.e. the
topology generated by the subbasis

S(C,U) ={felso(M): f(C)CU}

where C' C M is compact and U C M is open.

Theorem I1.3: [Hel01, Theorem IV.2.5]

Let M be a Riemannian manifold. Then Iso(M) with the compact-open topol-
ogy is a locally compact group acting continuously on M.
Moreover, the stabiliser Stabis, ) (p) of a point p € M is compact.
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Idea of proof. The proof relies upon the following two facts:

1. If M is a metric space, then the compact-open topology on Iso(M) coincides
with the topology of uniform convergence on compact sets.

2. If (fu)n>1 C M is a sequence such that for some p € M the sequence ( f,,(p))n>1
converges, then there is f € Iso(M) and a subsequence that converges to f in
the compact-open topology.

To see the compactness of the stabiliser, we consider the map
StabISO(M) (p) — O(TpM)
frdyf.
Then Lemma implies that if d,f = Id, then f = Id.

I1.2 Geodesic Symmetries

Definition: Riemannian Symmetric Spaces

Let M be a Riemannian manifold.

e M is Riemannian locally symmetric if for each p € M there exists
a normal neighborhood U of p and an isometry s,: U — U such that

(1) (sp)* =1d
(2) pis an isolated fixed point, i.e. p is the only fixed point of s, in U.

The map s,: U — U is called a geodesic symmetry.

e M is Riemannian globally symmetric if for each p € M, s, can be
extended to an isometry defined on M.

~

Here is the relation between Riemannian locally symmetric and Riemannian
symmetric spaces:

Theorem I1.4: [Hel01, Theorem IV.5.6]

A complete simply connected Riemannian locally symmetric space is Rieman-
nian globally symmetric.

In particular, the universal coveringof a complete locally symmetric space is
globally symmetric and every complete locally symmetric space is a quotient
of a complete globally symmetric space by a discrete torsion-free group of
isometries isomorphic to the fundamental group.

7
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Remark. The converse of Theorem does not hold, as for example S! is a
Riemannian globally symmetric space that is Riemannian locally symmetric by def-
inition but not simply connected.

We will only be concerned with Riemannian globally symmetric spaces,
so the terminology “Riemannian symmetric space” or short RSS is from
now on intended to mean “Riemannian globally symmetric space”.

The following lemma relates the definition of geodesic symmetry at the begin-
ningof this section with the intuitive one mentioned in the previous one.

Lemma I1.5

Let M be a Riemannian manifold and p € U C M where U = Exp(Ny) is a
normal neighborhood of p. Let s, € Iso(M) be an isometry such that p is the
only fixed point. Then the following are equivalent:

(i) (sp)* = 1d
(ii) d,s, = —Id.
In either case, it holds that

sp(Epr(tv)) — Expp(—tv)

wherever Exp is defined.

\.

Proof. (ii) = (i): By the chain rule it follows from d,s, = —Id that
(dpsp)® = dy(s,)* = (—1d)* = Id = d,Id.
Since s2(p) = p = Id(p) the claim follows from Lemma
(1) = (i1): From s = Id we get (dps,)* = Id, where (dps,)*: T,(M) — T,(M).
Hence d)s, has eigenvalues El +1 or —1. If +1 were to be an eigenvalue, then there

would be 0 # v € T,M such that (d,s,)v = v. Thus, for every tv € Ny we would
have that

sp(Exp(tv)) = Exp(dps,(tv))
= Exp(tv)

Hence Exp(tv) would be a fixed point for every ¢ such that tv € Ny, contradicting
the fact that p is the only fixed point of s,. [ |

2Let V be a real vector space. Then any map A € End(V) such that A? = Id is diagonalizable.
In fact, if (-,-) is any inner product, then A is in the orthogonal group of the inner product
< u,v >= (u,v) + (Au, Av) and hence is diagonalizable.
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The following corollary follows immediately from Lemma and Lemma

Corollary I1.6

If M is a connected Riemannian manifold and p € M, then there is at most
one involutive isometry s, with p as isolated fixed point.

Proposition I1.7

If M is a Riemannian symmetric space, then it is complete. Moreover, the
connected component Iso(M)° of the isometry group Iso(M) acts transitively
on M.

The completeness in Proposition [[I1.7] is both as metric space and geodesically.

This follows from the following classical theorem:

Theorem II.8: Hopf—Rinow

Let M be a connected Riemannian manifold. Then the following are equiva-
lent:

(i) Closed and bounded sets are compact,
(ii) M is a complete metric space,

(iii) M is geodesically complete, that is, for all p € M the exponential map
is defined on the whole tangent space.

As a consequence of any of the above, for all p,q € M there exists a geodesic
connecting p and q.

The proof of Proposition [[I.7] relies on the following lemma, whose proof we

postpone.

Let M be a Riemannian symmetric space. Then the map M — Iso(M) defined
by p — s, is continuous.

Remark. If M is a Riemannian symmetric space, o € M a basepoint and

K = StabISO(M) (O),
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then the orbit map
Iso(M )/K M
9K — g(0)
is a homeomorphism.

Proof of Lemma[Il.9: We verify that

So() = 959 s (IL.1)

and, again by Lemma it is sufficient to check that the maps above and their
differentials agree at some point:

95p9” ' (9(p)) = gsp(p)
= g(p)
= Sg(p) (g(p)>

and

dg(p) (931)9_1) = (dpg) (dpsp)(dg(p)g_l)
= _(dpg)(dg(p)g_l)
= _dg(p)[d
= —-Id

= dy(p)Sg(p)-

Let p € M and let g € Iso(M) be such that g(o) = p. Consider then the following
diagram

ISO(M)/K gK—g(o0) M g(O)Hsg(o) ISO(M)

aralt 9—9s09~"
Iso(M)
where:
(1) The first arrow in the top line ISO(M)/K — M is the orbit map gK — g¢(0),

which is a homeomorphism.
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(2) The diagonal arrow Iso(M) — Iso(M) defined as g — gs,g~' = S0 i con-
tinuous because of (I1.2]) and since Iso(M) is a topological group. Moreover it
factors through K, since K = Staby(ar)(0), thus giving a continuous map

ISO(M)/K Iso(M) (11.2)

g—gsog !

Iso(M)

The composition of the inverse of the orbit map with the map in ([I.2) realizes

M — Iso(M), g(0) + sg4(0) as composition of continuous maps.
[ |

Proof of Proposition[I.7]: Let a < b and 7: (a,b) — M a geodesic segment. We will

show that 7 can be extended to (a,b+ 2¢) where € == 22

,,,,,,,,,,,,,,,,,,,,,,

a at+e a+2 b—ce b b+ 2¢

This will show that v can be extended to R and hence M is geodesically complete
and, by Theorem also metrically complete.
Let p :== (b — ¢) and consider the geodesic segment

n: (a+2e,b+2) — M
t = s, (Y(la+b+2—1)) .

p=b—¢)
(dpsp)(v) v ="4(b—¢)

Note that this makes sense, because t € (a + 2¢,b + 2¢) implies that

a=a+b+2e—(b+2)<a+b+2c—t<a+b+2c—(a+2)=b.
To see that n extends v as geodesica, we need to check that
(1) n(b—€) =~(b—e¢), and
(2) nb—e) =4b—¢).
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In fact,
n(b—e) =nla+3e) =5 (v(b—¢)) =7(b—¢)

since s, fixes p. Also, by the chain rule,

n(b—e)=n(a+3e)

:% n(a+3e+1)

_ %tzosp(fy(a-l-b-l-?E—(a+3€+t)))
:%tzospw(b—e—t))

= (dpsp) (=7 (b—¢))

=7 —¢)

which implies by the uniqueness of geodesics that

n’(bfZE,b) = 7|(b725,b) :

This means that we can prolong v to (a, b+ 2¢) using 7.
Let p,q € M and ~: [0,t] — M with v(0) = p, ¥(t) = q. Then

q = Sy(t/2) (p) )

which shows that Iso(M) acts transitively on M. We want however to show that
Iso(M)° acts transitively. Since we showed in Lemma that the map p — s,
is continuous and we know that M is connected, the image of M is contained in
a connected component, although there is no guarantee that it is the connected
component of the identity. We consider then the map

M x M — Iso(M)

(p,q) > sp08,

which is continuous and whose image contains sf, = Id. It follows then that the
image of this map is contained in Iso(M)°. If 7 is a geodesic from p to ¢ with
~v(0) = p and «(t) = g, then

Sy(t/2) © 5p(P) = ¢ u

Corollary I1.10

Let (M, g) be a Riemannian symmetric space, p € M and K = Stabi ) (p).
Then K meets every connected component of Iso(M).
In particular, Iso(M)° is open and of finite index in Iso(M).
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Proof. Take g € Iso(M). Since Iso(M)° acts transitively, there is gy € Iso(M)° such
that gop = gp. But that means that there is an element k£ € K such that g = gok.
Thus k € glIso(M)° and K meets every connected component.

To see the second assertion, we note that Id € K°. Thus K° < Iso(M)° and the
homomorphism

: Iso(M
a: K — Iso( )/ISO(M)O
factors through K°:
K Iso(M
VK s )/ISO(M)O'

By the first assertion this is surjective and hence

ISO(M)/

<0 — ISO(M)O < 0 [ |

e

A classical theorem of Myers and Steenrod [MS39] asserts that the isometry
group of a Riemannian manifold is a Lie group. The idea is to consider orbits of
points and parametrise in this way Iso(M). We sketch here the proof in the special
case of our interest: namely, knowing that a RSS is a homogeneous space G/K we
consider the principal G-bundle G — G/K and we induce the Lie group structure
as a local product, using that K < O(n,R) is a Lie group.

Theorem II.11: Lemma IV.3.2, Theorem 3.3 (i)]

Let M be a Riemannian symmetric space. Then G = Iso(M) has a Lie group
structure compatible with the compact-open topology and it acts smoothly
on M.

Moreover, if o € M is a base point, then M is diffeomorphic to G/K, where
K = Stabg(0) and contains no non-trivial normal subgroups of G.

\.

Sketch of the proof. The map K — O(T,M, g), defined by k +— d,k, is a homeo-
morphism onto its image. Hence K can be identified with a closed subgroup of
O(T,M, g), from which it inherits a unique differentiable structure compatible with
the topology, which makes it a Lie group.

Let m: G — M = G/ K be the natural projection, m(g) := g(0). We will construct
a continuous local section of 7, that is a map ¢: U — G, where U is a normal
neighborhood of p in M, such that m o ¢ = Id. From this it will follow that ¢ is a
homeomorphism onto its image B := ¢(U) (it is clearly injective and its continuous
inverse is 7|p). Thus we can define

¢:Ux K — 7Y U)
(z,k) — o(x)k
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that is continuous and bijective with inverse map given by

gl (U)—» UxK
g = (9(p),v(g9(p))p).

Thus ¢! is a homeomorphism between 7='(U) > Id and U x K. The smooth
structure on G is then given by the smooth structure on translates of 77*(U). The
differentiable structure will hence be given to G by using translates of open set BU,
where U C K is open and one can check that all the needed properties hold.

In order to construct the section ¢, let y(t) be a geodesic in U such that v(0) = p.
As seen already in the proof of Proposition @ for every ¢, the isometry s /2y 0 sp,
maps p into (), that is

Sy(t/2) © 5p(p) = V(1)

Define then p(7(t)) = Sy(t/2) © So. The map ¢ has the desired properties, since it is
obviously injective for small enough ¢ and continuous (Lemma [I1.9)).

If K were to contain a subgroup that is normal in G, then this subgroup would
act trivially on M = G /K, which is impossible. [ |

I1.3 Concepts of Riemannian Geometry

Definition: Vector fields

Let M be a smooth manifold, 7: T'"M — M be the tangent bundle. A smooth
vector field is a section of 7, that is a map X: M — T'M such that 7o X =
Idyy.

We denote by Vect(M) the set of vector fields, which is a C*°(M)-module with
pointwise multiplication

(fX), = f(p)X, for feC>®(M), X € Vect(M).

If f e C®M,M), we denote by d,f: T,M — TyuyM its differential. Then any
X € Vect(M) acts on C*°(M, M) by

(XF)(p) = (dpf)(Xp)

At a point m € M, this amounts to taking the derivative of f in the direction of
X,

While functions can be differentiated on a manifold, we need a canonical way of
identifying tangent spaces at different points if we want to differentiate vector fields.

This is exactly what is achieved with a connection.



20 CHAPTER II. GENERALITIES ON GLOBALLY SYMMETRIC SPACES

Definition: Connection

An affine connection on M is a map
V: Vect(M) x Vect(M) — Vect(M)

such that for all X, X" YY" € Vect(M), for all f, f' € C*°(M) and for all
a,beR,

(1) V is C°°(M)-linear in the first variable, that is

vaJrf/X/(Y) = fVXY + fIVXY

(2) V is R-linear in the second variable, that is

Vx(aY +bY") =aVxY +bVxY’

(3) V satisfies the Leibniz-rule, that is

Vx(fY + fIY') = fVxY + f'VxY' + (X/)Y + (Xf)Y".

\.

Remark. The connection VxY (p) amounts to taking the derivative at p € M of YV
in the direction of X,,. In fact, the value at the point p € M of VxY depends only
on the value X, of the vector field X at p, but on the other hand on the vector field
Y in a neighborhood of p.

Definition: Covariant Derivative

Let v: I — M be a smooth curve. A vector field along ~ is a smooth map
X: I — TM such that X(t) € Ty M. The covariant derivative of a vector
field X along 7 is Vs X.

We write Vect(y*T'M) for the vector space of vector fields along . Note that a
vector field along v is only a vector field whose basepoint is on «, but not necessarily
tangent to 7.

Definition: Parallel Vector Fields

Let X € Vect(y*T'M) be a vector field along a smooth curve v. We say that
X is parallel if V;X = 0.

Remark. Take v C R" and X € Vect(y*T'M). We can decompose

TR = Ry @ (RY)™*
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dX
v =pre ()

The same applies to the tangent vector along a great circle in S"~! C R" parametrised
by arclength. In fact, geodesics can be defined as curves v such that

Then it holds that

Vi = 0.
n

In general it is extremely rare to find “constant” vector fields, that is vector fields
Y € Vect(M) such that
(VxY),=0. (IL.3)

for any p € M and all X € Vect(M). This is because the equation (II.3)) is an
overdetermined partial differential equation. On the other hand the existence and
uniqueness of the solutions of differential equations imply the following:

Proposition I1.12

Let M be a differential manifold and v € M a smooth curve. Given v €
Ty )M, there is a unique vector field XV € Vect(y*T'M) parallel along v and
such that X0 = V-

Definition: Parallel Transport

We can then define the parallel transport along a curve v from v(0) to
~(t) as

Pypa: TyoM = TopM
v — X,q;(t)

Because of uniqueness,

]P’Y:[tl,tQ] © ]P’Y,[to,tl] = P%[to,tﬂ :

Vector fiels are locally differential operators of first order. It is hence clear that
the composition of two differential operators in general is not anymore a vector field.
This leads to the definition of the bracket | , ] of two vector fields. If f € C*(M),
X,Y € Vect(M) and p € M, then

(X YT () = Xp (V) = Yp(XF).
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If our Riemannian manifold has a Riemannian structure, one wants that an affine
connection is compatible with the Riemannian structure. This leads to the following:

Definition: Riemannian Connection

Let (M, g) be a Riemannian manifold. A Riemannian connection on (), g)
is an affine connection such that in addition for every X,Y € Vect(M)

(4) VxY — VyX = [X,Y]
(5) Xg(Y,Y") = g(VxY,Y') +g(Y,VxY’)

\

Remark. If v: I — M is a smooth curve, then the last condition can also be
rewritten as

d
I Y 0 = 9(VsY Y0 + (Y, Vi Y )

In particular if Y, Y are parallel vector fields along ~, then

V.Y = VY =0

implies that g(Y,Y”),) is constant with respect to ¢. Thus parallel transport pre-
serves the inner product.

Theorem I1.13: Fundamental Theorem in Riemannian Geometry

Given a Riemannian manifold (M, g), there exists a unique Riemannian con-
nection called the Levi-Civita connection.

Recall that a diffeomorphism f: M — M induces a linear map on vector fields
via the pushforward:

([ X)p = dp-1(5) Xf1(p)

which preserves the bracket

FAXY]) = [fX, Y]

Let (M, g) be a Riemannian manifold with Levi-Civita connection V. Let
v: R — M be a smooth curve and Y € Vect(v*T'M) a parallel vector field. If
f € Iso(M), then f.Y is a parallel vector field along f o ~.

Proof. We define

D: Vect(M) x Vect(M) — Vect(M)
(X,Y) = [N (Vix LY) = DxY
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and show that all five properties of a Riemannian connection are satisfied. It then
follows by uniqueness that

VY = fT(Vix £Y) = f(VxY)=Vpx[.Y.

If now X =4, then
f(V3Y) = Vs Y =0
=0

which means that f,Y is parallel along f.v = fo~.
While the properties (1), (2), (3) are obvious, we have to verify the last two:

(4) DxY — Dy X € oYV x £.Y) = [ (Vv £.X)
TR UG, LY — Vv f.X)

(4) of V. ._
= [AX LY
f« Lie ag. homo. [X, Y]

(B)  g(DxY,Y') 4 g(V, DxY") & g(f7V 1 x YY) + (Y, £V o x £.Y)
felso(M y ’
S (VX LY LY 4 g(£Y, Vix £.Y)
DLV (£.X)g(£Y, LY
= Xg(V,Y"). |

Remark. Diff(M) acts on the set of affine connections as follows: Let f: M — M
be a Diffeomorphism and V: Vect(M) x Vect(M) — Vect(M) be a connection.
Then

D: Vect(M) x Vect(M) — Vect(M)
(X,Y) = £ (VexfY) = DxY

is also an affine connection.
In particular, if M = G and f = L, we say that V is left-invariant if

VxY = (Lg), (Vig.x(Ly).Y).

II.4 Transvections and Parallel Transport

We saw in the proof of Proposition that the set of geodesic symmetries is tran-
sitive on a Riemannian globally symmetric space. In particular, we saw that if
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p,q € M and v: R — M is geodesic such that v(0) = p and ~(t) = ¢, then
4 = Sy(1/2) © 54(0) (P)-

Definition: Transvections

The isometry 7, = 5,(/2) © 54(0) is called transvection along .

The first assertion of the following proposition explains the reason for this ter-
minology.

Proposition I1.15

Let M be a Riemannian globally symmetric space, v: R — M a geodesic and
Tt = Sy(t/2) © Sy(0) the associated transvection.

(1) For every c € R,
Tri(r(€)) =7t +¢).

(2) The differential do\T:: Ty M — TywM is the parallel translation
along the geodesic vy, that is, if v = X ) € Ty0)M, then dy) T, is
the associated parallel vector field along -, i.e.

(dy0) T, ) (X )50) = (X)yt) (IL.4)

(3) The map t — T, is a one-parameter group in Iso(M)°.

(4) T, is independent on the parametrisation of 7.

Proof. (1) Since geodesic symmetries map geodesics onto themselves changing the
orientation, the map 7, must map the geodesic v onto itself and preserve its
orientation. If we assume that 7 is a unit speed parametrization, it follows that
the restriction to the geodesic y(¢) has the form 7. :(y(c)) = v(c + constant).
Since T54+(7(0)) = y(t), then T, (y(c)) = v(t + ¢).

(2) Using the definition of 7., and the chain rule we get from the left hand side

of (L)

dy(0) (85(t/2) © S50)) (X )5 (0)
= (dy(0)S+(/2)) (d(0)84(0)) (X )50
= (dy0)5y(t/2) (X ) 5(0).

(dy(0) T5) (X )50) =

To elaborate on the right hand side of ([I.4) we start with the following:
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Claim: For every ¢ € R,
(S,y(g))*XU =—-X". (115)

In fact, since s, is an isometry for every [ and X" is parallel along -, then
by Lemma |[1.14] (s,(;y)«X" is a vector field parallel along s,y o v = 7. At the
point (1) the value of this new parallel vector field is

(Sv(l) ) (Xv)v(l) = ds;(ll)(v(l))sv(l)Xs;(ll) (v(1)
= (dyoysv) X3
——

——1d
= —(X")0

But —X" is also parallel along v with value —(X"),) at v(I). By uniqueness
of parallel vector fields with prescribed initial conditions we have proven the
claim.

Because of the claim with ¢ = ¢/2 and using the definition of the pushforward,
the right hand side of ([I.4)) becomes

(Xv)v(t) = (57(15/2) ) (Xv)v(t)

T (dsilt/z)ﬁ(t))s”(t/m) (Xt 00
= = (o 5a2) (X0
which concludes the proof.
(3) This follows from (1), (2) and from the fact that parallel transport is a one-
parameter subgroup. In fact 7.4 14, (7(c)) = To1, 0 Tty (7(c)) and furthermore
dyy T+t = Py fetr+ta+

= P’Y»[C+t1,6+t1+t2} © P%[C,C-Hl]

= (dy(ert) Tht2) © (dy(0) Trotr)
= dy(o) (7'%t2 © T%h)-

we conclude by Lemma, that 754440 = Trto © Tor -

(4) A unit speed reparametrisation of v is ¢t — ¢t + a. Thus

Sy(t/2+a)Sy(a) = Sy(t/2+a)57(0)5~(0)Sv(a)

= T t42a(54(0)S4(0)) "
= Ty7t+2a(7;,2a)_1
_T, m
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Definition: One-parameter Group of Transvections

The map

R — Iso(M)°
t—= T4

is called a one-parameter group of transvections associated to the
geodesic 7.

I1.5 Algebraic Point of View

We have seen that if M is Riemannian (globally) symmetric, then M is diffeomorphic
to G/ K, where G = Iso(M)° and K is the stabiliser of a point in M. In this section
we will deal with the natural question regarding the converse statement: namely,
which homogeneous spaces are Riemannian symmetric spaces?

Definition: Involution

A Lie group automorphism o: G — G is an involution if 02 = Id and
g 7é ]dG

If 0 € Aut(G), weset G7 ={g € G: o(g) = g}.

Proposition 11.16

Let M be a Riemannian symmetric space and G = Iso(M)°. Fix a base point
0 € M and let K = Stabg(0) be the isotropy subgroup of G at o. Then the
automorphism

o:G— @
g — S00Se

is an involution of G and

(G < K < G°.

\.

Proof. First we verify that g — s,gs, is involutive. In fact, since s? is the identity,

0*(9) = 0(0(9)) = 0(50950) = S0(80950)50 = 5595, = g -
We verify now that K < G, that is that for every k € K, o(k) = s,ks, = k. To
see this observe first of all that

a(k)(0) = (sokso)(0) = 50(k(50(0))) = 8,(k(0)) = 5,(0) = 0.
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Moreover, as dy,o(k): T,M — T,M and d,s, = —Id, we have that
doo (k) = do(8oks,) = (doso)(dok)(dos,) = dok.

By the usual rigidity argument of Lemma [[1.2] (k) = k, that is K < G°.
Conversely, to show that (G7)° < K, it is enough to see that K contains a
neighborhood of the identity in G°. Let V' C M be an open neighborhood of

o € M. By continuity of the G—action on M, there exists an open neighborhood
U C G’ of e such that g(o) € V for all g € U. But if g € U C G, then

9 =0(9) = 50950,
so that g(0) € V is a fixed point of s, as
$09(0) = gso(0) = g(0).

Since s, has only isolated fixed points, we could chose V' small enough such that o
is the only fixed point of s, in V', which implies that g(o) = 0. Thus U C K. [ |

Notice that one cannot say anything more precise of the relation between K and
G, as the following examples show:

Example. (1) Let M = S? 0 = e3 and G = Iso(M) = SO(3,R). We can write s,
and g € SO(3,R) in block form as

S0 = (_édQ (1]) and  g=— (1;1 Z) |
- (E -

G = {g €SOB3,R): g = <6‘ 2) with 4 € O(2,R),d = +1, (det A)d = 1}

so that

Thus

has two connected components. Since S? is simply connected and G is con-
nected, then also K is connected?] so that (G7)° = K < G° and

K = {gGSO(i’),R) D g = (61 (1)) with A € SO(Z,R)} :

3If G is a connected topological group, H < G a closed subgroup such that G/H is simply
connected, then H is connected. In fact, let H° be the connected component of the identity of H.
Then G/H® — G/H is a covering map. Moreover, since G is connected, then G/H is connected.
Since G/H is simply connected, the covering map must be the identity.
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(2) If M = P(R3) = S?/{+£Id}, then G = Iso(M)° = Iso(M) = O(3,R)/{xId}.
Since S? — P(R3), any isometry of P(R?) lifts to an isometry of S%. If g €

A 0
Stabg([es]) then g([es]) = [g(es)] = [es], so that g = <O :i:l)' Thus Stabg([es]) =
(O(2,R) x O(1,R)) / + Id, which has two connected components. In this case
: A b A b
also o: Iso(M) — Iso(M) is o (C g =\ 4

+£1d, so that G° = (O(2,R) x O(1,R))/ = Id. Thus (G°)° # K = G°.

, since it commutes with

We point out that the phenomena arising in these examples can occur only
in symmetric spaces that are compact. In fact a non-compact symmetric space
is contractible and hence in particular simply connected. As a consequence the
covering map G/K° — G /K must be the identity and hence K must be connected.

Definition: Riemannian Symmetric Pair

Let G be a connected Lie group and K < G a closed subgroup. The pair
(G, K) is called a Riemannian symmetric pair if:

(1) Adg(K) is a compact subgroup of GL(g), and

(2) There exists an involutive automorphism o € Aut(G) of G such that

(G°) < K <G°.

Remark. Proposition shows that a Riemannian symmetric space yields a
Riemannian symmetric pair. It makes sense to give then the following definition:

Definition: Riemannian Symmetric Pair associated to (), 0)

Let M be a Riemannian (globally) symmetric space, G = Iso(M)° and K < G
the isotropy subgroup of a point 0 € M. Then (G, K) is called the Rieman-
nian symmetric pair associated to ()M, o).

The following theorem answers in particular the question at the beginningof this
section.
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Theorem I1.17

Let (G, K) be a Riemannian symmetric pair with an involutive automorphism
o of G. Then G/K is a Riemannian symmetric space with respect to any G-
invariant Riemannian metric.

If 7: G — G/K denotes the natural projection, s, the geodesic symmetry at
o=7(K)=eK € G/K, is defined by the equation

S, 0M=TOo0. (IL.6)

Corollary I1.18

The geodesic symmetry s, is independent of the choice of the G-invariant
Riemannian metric on M.

\. J

Remark. Recall that ker(Ad) = Z(G) and

Ko 2(6) = Adg(K) < GL(g)

so that, loosely speaking, “the hypotheses is a bit less rigid than K being compact
as the center might compensate for some non-compactness.”

—_—

Example. Let G := SL(2, R) be the universal coveringof SL(2,R), and let o: SL(2,R) —
SL(2,R) be defined by o(g) :=='g~!. Let then 6: G — G be the unique lift of o and
p: G — SL(2,R) be the covering map. Then

G? =p 1 (SO(2,R)) 2R

is not compact but

is compact.

Before we prove Theorem we have a look at some examples of Riemannian
symmetric pairs:

Example. (1) G < GL(n,R) closed under transposition (e.g. SL(n,R), Sp(2n,R)
of SO(p,q)°). Let o € Aut(G) be

If G is not a subgroup of O(n,R), then ¢ is an involution, G = G N O(n,R)
and G7 is connected such that (G, G?) is a Riemannian symmetric pair.
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(2) Let G < GL(n,C) be a closed connected subgroup which is invariant under
g > g ="tg. If G is not a subgroup of the unitary group U(n), then o is an
involution, G = GNU(n) is connected and (G, G?) is a Riemannian symmetric
pair. One could take for instance G = SL(n, C), GL(n, C), Sp(2n, C), SO(n, C).

(3) Take G = SO(n,R), R* = R?P @ R? and r € SO(n,R) such that r|gr = Id, and

rlre = —1dg:
(14, 0
(0 )

G — {(g‘ g) . A€ 0(p), B € O(q), det(A) det(B) = 1}

Then

has two connected components and K = (G7)° or K = G”. For example if
p=1

e K =(G°)° = G/K =S0(n)/K = 5" !
e K =G = G/K =P(R")
(4) The argument works similar for U(n).

We start the proof of Theorem with two lemmata that are good to empha-
sise.

Lemma I1.19: Cartan decomposition

Let (G, K) be a Riemannian symmetric pair with an involutive automorphism
o, and let g and € denote the Lie algebras of G and K respectively. Then

(1) t={X €g: deoX = X}, and

(2) ifp={Xeg: doX =—-X}, theng=2t®p.

Proof. (1) By definition of symmetric pair dim(G?)° = dim K = dim(G”) so that,
if £ is the Lie algebra of K,

t =Lie(G7)
={X €g: exptX € G for all t € R}
={X €g: o(exptX) =exptX forallt € R}

:{X € g: exp(deo(tX)) = exp(tX), for all t € R}
={X eg: doX =X}.



I1.5. ALGEBRAIC POINT OF VIEW 31

In fact, since (d.0)? = Id, d.o is diagonalizable with eigenvalues +1. If X € g
is an eigenvector with eigenvalue —1, then X ¢ Lie(G?) as it would otherwise
contradict that the Lie group exponential is a local diffeomorphism (Proposi-
tion [A.3)3)). REVISE THE ARGUMENT

(2) We write
1 1
X = §(X+d60'X) + §(X — deUX)

and since (d.o)? = Id, then (X 4+ d.0X) € t and 5(X — d.0X) € p. [ |

Let (G, K) be a Riemannian symmetric pair with an involutive automorphism
o,and let p :={X € g: deoX = —X}. Then p is Adg(K)-invariant.

Proof. Notice first that

oo cy(g) = o(kgk™)
L OO
ko(g)k™!

=croo(g

KCGe

and that by differentiation at the identity we get
(deo)(deck) = de(0 0 ¢) = de(cg 0 0) = (deck)(deo).
As Adg(k) = decr, we can rewrite this as
deo 0 Adg(k) = Adg(k) o d.o.
Now if X € p, we have d.o(X) = —X and we conclude that
deo(Adg(k)X) = Adg(k)(deo X) = Adg(k)(—X) = —Adg(k)(X).

that is,
Adg(k)X €p [ |

Proof of Theorem [II.17. First of all, the diagram

G—2% . @G

G/K—k>G/K
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commutes and it follows by differentiation that

Adg (k)
g g
deﬂL ldeﬂ
1 (%) 7 ()

commutes as well, that is
dem o Adg (k) = dok odem.

Moreover, the differential d.7: g — T,(G/K) is surjective (as 7 is surjective)
and has kernel ker d.m = €, so that we get the following commuting diagram

Adg (k)

p

p
dewl ldeﬂ

(Ga) - (V)

and

p=T, (V)
not only as vector spaces, but also as K-spaces where the action of K on p is via
Adg on T,(G/K) is given by d,k.

Since Adg(K) is a compact subgroup of GL(g), there exists a positive definite
inner product B on p and, actually, any positive definite inner product can be made
Adg(K) invariant. In fact, if B': p x p — R is a positive definite inner product on
p and p is the Haar measure on Adg(K), then for X, Y € p the inner product

B(X,Y) — / B (kX kYY) du(k)
Adg (K)

is obviously Adg(K)-invariant and can be proven to be non-zero.
We set now

Qo T, (Vi) x T (Vi) — R
(X,,Y,) = Qo(X,Y) == B(dm ' X, demY,)

which is now a K-invariant inner product on 7,(G/K) and we extend it to T,(G/K)
by pulling back X,,,Y, € T,(G/K), to d,g ' X, dog 'Y, € T,(G/K), where g(0) =p
with g € G. Thus

QP(XP7 XP) = Qo(dog_lXpa dog_lyp> ) (II?)
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Notice that this is well defined since @, is K-invariant. In fact, if g(o) = p = h(0),
then h='g € K, so that

Qo(dog ™ Xy, dog™'Y}) = Qo(do(h ™ 9)dog ™ Xy, do(h ™1 9)dog ™'Y))
= Qo(doh ' X, d,h71Y}).
This gives a G-invariant Riemannian metric on G/ K.

We need to define now the geodesic symmetries. We start with s,. Once we’ll
have defined this, if g(0) = p as above, then s, = go s, 0 g~ will give the geodesic
symmetry at any other point.

We define s, as a map that satisfies the relation

So0mM=TO0 (IL.8)

that is

SO:7TOO'O7T_1.

It is easy to see that s, is well-defined. In fact, since K < G7, then

50(2) = 7(o(r (@) = T(o(ak)) = T(o(2)o (k) = m(o(2)k) = 7(o(2))
We see now that s? = Id. In fact, by applyingonce more s, on the left of (II.8]),
we obtain

500 (s,0m) =5,0(mo0) = (s,0m)o0c=(roc)oc=m0(0) =,

so that (s,)? = Id as  is surjective.
Now we show that d,s, = —Id. The commutativity of the diagram

G——G

G =g

implies by differentiation that also

p p
o Jon
n(On) 2 (V)

commutes. Thus if X € p,

doso(deﬂ'(X)) - deﬂ'(dea(X» - _deﬂ-(X)a
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that is d,s, = —Id. Writing p = (g)o and recalling that sy = gs.g~ " we see that
also
dg(0)Sg(0) = dy(o) (9509 ")
= (dog) (doSO)(dg(O)g_l)
——
=—1Id
—(dog) (dg(O)g_l)
=—1Id

We will use this to that s, is an isometry, that is it preserves any G-invariant
Riemannian metric )

Qp(X,, Yy) = Qs.(p ((dp30>Xp7 (dp50>yp) for all p € M,VX,,, Y, € T,M

Before doing this, we have to gather some more information. Namely, we will
see that the geodesic symmetry at o intertwines the isometry g and its image under
0. In other words, applying twice the formula defining the geodesic symmetry
S, We obtain that for z € G

S0 g(zK) = s,0m(gx)

L moo(gx)

that is
s,0g=o0(g)os,. (IL.9)
Now

QSO(P)((dPSO)Xm(d 80)Yp) = Qs0(g(0) (( g9(0)S 30)(dog) Xo, (dg(O)SO)(dog)Y;))
= Qso (g(0) (( 0(50 ) (do( So © g)Y;))

Qute(o)((Aul(9) © 50) X (Ao (9)  5,)Y5)
= Qo(g)(0)(do0(9) disjofo,d 00 (g )g%@
= Qo(g)(0) (o0 (9) X0, doo(9)Yo)

2 Qo(Xo Vo)

Qo(d, lX dog_lyb)
=Qp (XmYp)
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Hence s, is an isometry. [ |

Remark. Let M be a Riemannian symmetric space and (G, K) the associated
Riemannian symmetric pair with regard to an involution o € Aut(G). We will
prove that ¢ is unique.

Let 0;, © = 1,2, be two involutions of G such that

(G7)° <K <G% for i=1,2.

Then
TOO] =8,0T = T O 09

and thus
a1(h)(0) = oa(h)(0) for all h € G. (I1.10)
We still need to see that
a1(h)(p) = aa(h)(p) Vh € G,Vp € M.
Let thus g € G be such that g(o) = p and let ¢’ be such that o,(¢") = g. Then

a1(h)(p) = o1(h)a1(g)(0)
(hg')(0)

01
01

showing uniqueness.

The uniqueness of the involutive automorphism of a Riemannian symmetric pair
allows us to give the following definition:

Definition: Cartan Involution

If (G,K) is a Riemannian symmetric pair with involution o, the Cartan
involution is defined as
©:=do:g—g.

The corresponding eigenspace decomposition g = € @ p is called the Cartan
decomposition of g with respect to ©.

Remark. We saw in Lemma that such a decomposition exists and now we
also know that it is unique.
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Proposition 11.21

Let g = €@ p be the Cartan decomposition of g with respect to the Cartan
involution ©. Then

e ce, [eplcp, [p.p]CE.

In particular € C g is a Lie subalgebra, while p C g is only a subvector space.

Proof. Let XY € g be eigenvectors with eigenvalues A\, u € {1} respectively.
Then

O[X,Y] = [0X,0Y] = AX, uY] = \u[X, Y],

that is [X, Y] belongs to the eigenspace of © with eigenvalue Apu. [

I1.6 Exponential Maps and Geodesics

Let (G, K) be a Riemannian symmetric pair associated to a a Riemannian symmetric
space M with base point o € M. By the last Remark, there is a unique involution
o and hence the Cartan decomposition of g is unique. Let m: G — M be the
projection map g — g(o), let exp: g — G be the Lie group exponential map and
Exp,: T,M — M the Riemannian exponential map.

The following theorem gives the relation between the two exponential maps,
namely:

Theorem I1.22

The following diagram

p—2" T M

exp l l Expo

G——M
commutes, that is 7(exp(X)) = Exp,(d.7(X)) for any X € p.
In particular, if X € p, then

t— (exp(tX))(o) € M

is the geodesic through o € M at t = 0 with tangent vector d.m(X) € T,(M).

Proof. If X € p, let ~(t) .= Exp,(td.m(X)) the geodesic in M through o at ¢t = 0
with tangent vector d.m(X) € T,M. Let T,; = Sy/2) © S40) = Sy(t/2) © So be the
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transvection along . Since 7, is a one-parameter subgroup in G, there exists
Y € g such that 7., = exp(tY) € G. We claim that actually Y € p, that is that
deo(Y) = =Y. In fact, using that o(g) = 5,(0)g5(0) we have

exp(td.o(Y)) = exp(deo(tY))
= o(exp(tY))
= 5y(0) €xP(tY)s5(0)
= 530) Trt5+(0)
= 57(0)57(t/2) S7(0)S(0)
—_—

=1Id
_o.-1 -1
= Sy(0)5v(1/2)

= (Sy(t/2)5(0) "
= (To)™
=T

= exp(—tY).

Observe that
m(exp(tY)) = m(T,.)

= T($5(1/2) © $4(0))
= Sy(t/2) © $4(0)(0)
= 54(¢/2)7(0)
=7(t)

= Exp,(td.7(X)),

so it is enough to show that X =Y.

Since the tangent vector at t = 0 to the geodesic t — Exp, (td.m(X)) is dem(X),
it will be enough to show that the tangent vector at ¢ = 0 to t — w(exp(tY)) is
dem(Y). Since dem is an isomorphism on p, this would conclude that X =Y. To
find the tangent vector at t = 0 to t — 7(exp(tY)), we evaluate the derivative at
t = 0 and obtain

4 m(exp(tY)) = deﬂi

tY) = dem(Y
i 3| exptY) =der(Y)

t=0
as we wanted. [}

The above theorem shows, in particular, that the Riemannian exponential map
Exp: TM — M does not depend on its Riemannian metric and gives a formula for
the geodesics in M.
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We are now interested in finding a formula for the derivative of the Riemannian
exponential map at a point X € p, a formula that we will use both in computing the
curvature tensor in § and in characterizing the totally geodesic submanifolds
of a Riemannian symmetric space in § [[1.7

Theorem I11.23

Let G be a Lie group with Lie algebra g and let exp: g — G the Lie group
exponential map. By identifying T'xg = g, we have that

dX CXp: TXg = g— Texp(X)G

is given by
> (ad? X
dx exp = deLexp x © E (ady X)

> i (IL.11)

Let M = G/K be a symmetric space, o € M a base point with K = Stabg(0)
and 7: G — G/K. Recall that d.7: p — T,(G/K) is an isomorphism and we can
define Expod.m: p — T,(G/K) — G/K. Then we have:

Corollary 11.24

The differential
dx (Expoder): Txp = p — Timxp(x)ode (X)) (0) M
of the Riemannian exponential map

Exp,od.m:p - G/K

is given by
— (Tx)"
dx(Exp,odem) = dpLexpx © Z — (I1.12)
“~ (2n+1)!
where Ty = (ady X)? for X € p.
Proof. We recall that the diagram
G—=C/p

P

G_”>G/K
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commutes, so that
el Lepr = Lepr oT. (1113)
In Theorem I1.22| we have proven that for any X € p, moexp(X)|, = Exp, od.mX|,,

so that, if we set L(X) =>"" (7(2?1))?71,

dx(Expyod.mX]|,) =dx(moexp(X)|,)
=(dexp x7) © dx (exp )
=(dexp x7) 0 dix (exp)]p
=(dexp x7) © deLexp x © L(X)
=de(m 0 Lexp x) © L(X)],
(Lo 0 7) 0 LX)y
=(doLexp x) © (de) 0 LX),

where we used in the fourth equality Theorem [[1.23| and in the sixth one ([I.13]).
Now observe that, because of Proposition ifY ep,

ady(X)"(Y) €

p if n is even,

{e if n is odd

so that
= if n is odd
dom o ady (X) ()4~ 0 it s o
= ady(X)"(Y) if n is even.
Thus
(—ad, X = (ady X)?"
de X)|p = de I1.14
7o £(X)l, OZ; o ;j et (1014
which completes the proof. [ |

I1.7 Totally Geodesic Submanifolds

Definition: Totally Geodesic Submanifolds

Let N C M be a submanifold of a Riemannian manifold (M, g). We say that
N is geodesic at p € N if for every v € T, N the M-geodesic through p with
tangent vector v is all contained in V.

We say that N is totally geodesic if it is geodesic at every point.
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Remark. If (M, g) is a Riemannian manifold and N C M a submanifold, then g|y
is a Riemannian metric on N. A priori, if p,q € N, then

where dy, dy are the distances induced by the metrics g and g|y respectively.
Fact. Assume N C M totally geodesic. Then
(1) the inclusion (N,dy) < (M, dy) is locally distance preserving and

(2) every N-geodesic is an M-geodesic and every M-geodesic contained in N is
an N-geodesic.

Example. Totally geodesic submanifolds are not very common.

(1) In R™ all linear subspaces and their translates are totally geodesic. S? C R?
however is not.

(2) In S™ the totally geodesic subspaces are the intersection of S™ with a linear
subspace of R*+1,

(3) (Cartan) Let M be a Riemannian manifold such that for any p € M and every
2-dimensional plane P C T,M, there exists a totally geodesic submanifold
through p which is tangent to P. Then M has constant curvature.

Theorem I1.25

Let (M, g) be a Riemannian manifold and N C M a connected submanifold.
Then N is totally geodesic if and only if the parallel transport with respect
to g along curves in N preserves the tangent spaces (i.e. parallel transport
preserves {T,N :p € N}).

\.

Example. (Being totally geodesic is a local property)
™=E/n mE T

If P C E" is a k-dimensional subspace, k < n, then 7(P) is a totally geodesic
submanifold of T™. However, P can be chosen is such a way that m(P) is dense in
T™ (e.g. n =2 and P the irrational line).

Definition: Lie Triple System

A subspace n of a Lie algebra g is a Lie triple system if [[X, Y], Z] € n for
all X,Y,Z e n.
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Example. p C g since [p,p] C ¢ and [p, €] C p.

Lie triple systems correspond to totally geodesic submanifolds in the following
sense:

Theorem I1.26

Let M = G/K be a Riemannian symmetric space with o € M a base point,
K = Stab,(G) where G = Iso(M)°. Let g = ¢ @& p be the Cartan decomposi-
tion.

(1) If n C p is a Lie triple system, then N = (Exp,od.m)(n) C M is
a totally geodesic submanifold through o € M and such that T,N =
dem(n).

(2) If N C M is a totally geodesic submanifold through o, then
n:= (d.7)"Y(T,N) is a Lie triple system.

\

Remark. If N C M is a totally geodesic submanifold, let p € N and g € G be such
that g(o) = p. Then L;'(N) is a totally geodesic submanifold through o to which
one can apply the theorem.

Lemma I1.27

Ifn C g is a Lie triple system, then

e [n,n] is a subalgebra and

e n+ [n,n| is a subalgebra.

Proof. If X, Y, Z W € n, then, the Jacobi identity applied to [X, Y], Z and W reads
0=[X.Y],[Z W] +[[Y,[Z W], X] + [[[Z, W], X], Y],
where [Y, [Z, W]], [[Z, W], X] € n. Hence
HX7 Y]a [Z, W]] - _[[Yv [27 W]]7X] - [[[Zu W],X],Y] S [nv n] :
It follows that

[n+ [n,a],n+ [nn]] € [n,n] + [n, [n,0]] + [[n, 0], [n,n]]
Cn+[n,nl. [ |
Proof of Theorem[IL.26. (1) Let n C p be a Lie triple system. By the lemma,

n+ [n,n] C g is a subalgebra and g = Lie(G). Let now G’ < G be the
connected Lie subgroup such that

Lie(G') =n+[n,n] =g’
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Let then

G - M
g —g'(o)

and let K’ = Stabg/(po). Then K’ < G’ is closed since the inclusion G’ — G
is continuous. Thus we can give M’ = G’ - o the topology and differential
structure of G’/ K’. It follows that M’ is a submanifold of M and 0 € M’ C M
is a base point.

We claim now that T,M’ = d.m(n). Since M’ = G'/K" and Lie(G') = ¢’ =
n + [n,n] it is enough to see that Lie(K’) = [n,n]. In fact, K’ = K NG’ and
thus

Lie(K') = tN (n+ [n,n]) = [n,n]

since n C p (and hence ¢Nn = (0)) and [n,n] C € (since [p,p] C €). So given a

Lie triple system n, we found a submanifold M’ € M whose tangent space is
the Lie triple system. We are left to show that M’ is totally geodesic.

Let X € n, v = (dem)(X) € T,M’. The M-geodesic through o with tangent
vector v is

t — exp(tX), (o) = Exp,(tv).

But V¢t € R, tX € n and thus exp(tX) € G’ which implies exp(tX), - 0 € M’
and hence that M’ is totally geodesic.

We want to show that if N C M is totally geodesic, then n := (d.7)~'T,N is
a Lie triple system.

Claim: If X,Y € n, then Tx(Y) € n.

Using this we want to show that if X,Y,Z € n, then [[X,Y],Z] € n. In
particular we observe

Ty1z(X) =adg(Y + Z)(ady(Y + Z2)(X))
=Y+ Z[Y+ 7 X]
=Y + Z,[Y, X] + [Z, X]]
=V Y XN+ [V, [Z2, X[+ [2, [V, X]| + [Z,[2, X]]
=Ty (X) + Tz(X) + [V, [Z2, X]| + [Z, [Y, X]],

so that

Y, [Z, X]| + [Z,[Y, X]] = Ty12(X) = Ty (X) = Tz(X) €n.
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By the Jacobi identity

n 3 [Y,[Z X]] + [Z.[V, X]) =Y, [Z X]) + [[Z.Y], X] + [V, [Z, X]]
=2V, [Z, X]] + [[Z.Y, X]] (IL.15)
=2[Y, [Z, X]| + [X, [Y, Z]]

and, exchanging the roles of X and Y,

21X, [Z, Y]]+ [V, [X, Z]] en. (1.16)

Hence it follows from ([I.15) and (II.16)), and using twice the Jacobi identity,
that

that is n is a Lie triple system.

Proof of Claim: Take X € n = (d.w)'T,N. Then we clearly have d.m(X) €
T,N and

(exp(tX))(0) = (Exp, dem (X))

is an M-geodesic through o such that the tangent vector at o is d.7(X) € T, N.
As N is totally geodesic,

t— Exp,od.m(X)e N  VteR.

Now
Exp

n Lo N 2P

and thus
dex (Exp, odem): Tixn = n = Tiwxp, odom)(ex) NV

It follows from Corollary that, since n C p, for all Y € n,

mX)n(Y)) |

dix (Exp, odem)(Y) = doLexptx © dem (Z 2n+1)!

n=0

Applying the inverse of d,Lexpex) to both sides we get

(TtX)n(Y)>

(doLexp@X))*lEitX(EXpojdeﬂ)(YZ = dem <Z (2n + 1)!

n=0

€T (Bxp, odem) (tX)
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and we claim that
— (Tix)"(Y)
d, ~ =7 - 7 TN
T (nzzo CESA

By Theorem [I1.22 m the curve t — exp(tX)(o) is a geodesic through o and
T+ = exp(tX) is the transvection whose derivative d7, ;: Ty — T realizes
the parallel transport along ~ (Proposition . Therefore, do(Lexp(x)) ™"
is the parallel transport along ¢ — exp(tX ) Since N is totally geodesic,
this geodesic is completely contained in N and parallel transport preserves
{T,N :pe N}:

— Tx(Y)
2 n+iy - "
We write
N TK(OY)
ot): = Z (2n+ 1)!
ad 2n
—Z .l (Y)
s adyg Y 4
—t—<3!)( ) ()
and .
¢"(t) L (adg(X))z(Y)Zng(Y) n

which concludes the proof.
[ |

Remark. Let (G, K) be a Riemannian symmetric pair with involution ¢ and let
n C g be a Lie triple system with associated totally geodesic submanifold N =
Exp(n) through o. Then we saw that N’ = G'/K., where G’ is such that Lie(G') =
n+ [nn C gand K/ = KNG is such that Lie(K’) = [n,n]. We look for the
Riemannian symmetric pair associated to N. If © := d.o is the Cartan involution,

then

0X =-X vXencCyp

and moreover

Thus

since G’ is connected.
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Let now o’ := o|¢ be an involution of G'. We want to show that
((G/)U’)o < K’ < (Gl)o"

It so, then (G’, K') is a Riemannian symmetric pair associated to N, which is there-
fore a Riemannian symmetric space N = G'/K".
Note now that

K'=KNG <(G)NG < (G)
K'=KnG > (G)nd
but (G7)° NG’ is an open subgroup of G’ and thus

(@) N6 = (@)

I1.8 Example: Riemannian Symmetric Pair
(SL(n, R), SO(n, R))
Let us consider
G =SL(n,R) ={g € Mpxn(R) : detg=1}.
We consider the involutive automorphism o: G — G, defined by g — (g*)~!. Then
G ={geCG:(¢) ' =9t={9€G:g'g=e} =50(n) = K.

SO(n,R) is compact, thus (SL(n,R),SO(n,R)) is a Riemannian symmetric pair.

Since d. det = tr, the Lie algebra g = Lie(G) = sl(n,R) consists of all (n x n)-
matrices with trace 0 and entries in R and the exponential map exp: sl(n,R) —
SL(n,R) is the matrix exponential

o0 Xn

n=0
It follows that
exp(X') = (exp(X))*
and thus also that
o(exp(tX)) = exp(—tX").
It is then immediate that the Cartan involution O: sl(n,R) — s,R) is given by

0(X) = % exp(—tX') = - X"
=0
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By noting that

t={X esl(n,R): 0X = X}
={X esl(n,R): - X' =X}
p={Xesl(nR): X' =X}

the Cartan decomposition is given

1 1
X = (X =X+ (X + X7,

(. J/ S/

ct cp

that is, the decomposition of X into its antisymmetric and symmetric part.
We then want an Adg (K )-invariant inner product on p. For this we recall that
Adg: G — GL(g) is conjugation since G < GL(n,R)

Ada(g)(X) = gXg ™",
Since M,,x,(R) ~ R?, the inner product

Mixn(R) X Myyn(R) — R
(A, B) — Tr(A'B)

corresponds to the standard inner product on R and hence is clearly Adg(O(n, R))-
invariant. On p this actually reduces to

(A, B) — Tr(AB).
Consider the model
Pl(n) ={S € Mpun(R) : 5" =5,det S =1,5 >0}
for SL(n,R)/SO(n,R) where SL(n,R) acts on P'(n) via
g-S:=gS'y.

Notation. Take Id € P'(n) as base point. We proved in Theorem [[1.22] that if
X € p, then
(Expgg 0 dem)(X) = (exp X) - Id

and we thus write
Exp = Exp, odem

that is,

Exp;
—

p T Ty Pn) Pl(n)

Exp
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Fact. Exp: p — P!(n) is a diffeomorphism and if we consider Exp(0), Exp(X) €
Pl(n), then there exists a unique geodesic between those two points (¢ — Exp(tX))
and this geodesic is length minimizing
d(Exp(X), Exp(0)) = [ X].
Let now X € p and note that

Exp(X) = (exp X),1

= exp(X) L exp(tX)
= exp(2X)
and
exp(—X), Exp(X) = exp(—X) Exp(X) exp(—X)
= exp(—X) exp(2X) exp(—X)
=1 € P'(n).
Let also

{dlag T1yeny T Z%_O}

such that a C p since a’ = a and [a,a] = 0. It follows that a is a Lie triple system
and thus also that

F =Exp(a) = {dlag (1, .., sz = 1}

is a totally geodesic submanifold.
We compute the distance in F. Take X7, Xy € a and Exp(X;), Exp(Xs) € F.
Then

d(Exp(X1), Exp(X3)) = d(exp(=X2), Exp(X1),1)
= d(exp(—X3) exp(2X7) exp(—X3), 1)
PEZI=0 G exp(2X) — 2X5), 1)

=X - X

We have thus shown that Exp: a — F is an isometry. We call F' a flat and note
that dim(F) = n — 1. More generally we will see that sl(n,R) contains a maximal
Abelian subalgebra that is diagonalizable (= a) and we will call the dimension the
rank.
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I1.9 Decomposition of Symmetric Spaces

I1.9.1 orthogonal Symmetric Lie Algebras

We have seen that a globally symmetric space M together with the choice of a base
point 0 € M gives rise to a pair (g, 0), where g is the Lie algebra of (the connected
component of) the group of isometries of M and O is the Cartan involution, that
is the differential © = d.o of the involutive automorphism ¢ of G induced by the
geodesic symmetry at o.

Recall. The Killing Form of a Lie algebra g is a bilinear symmetric form

By: g x g — K = field of definition of g
(X,Y) — Tr(adg(X) adg(Y))

Recall also the following properties of the Killing form:
(1) If @ € Aut(g), then

By(a(X),a(Y)) = By(X,Y)  VX,Y €g

(2) If D € Der(g) is a derivation, that is, D satisfies
DIX,Y] = [DX,Y] + [X, DY]

then we have that
Bg(DX, Y)+ Bg(X, DY) =0.

In particular, if Z € g, then ady(Z) € Der(g) and hence

By(ady(2)(X).Y) + By(X, adg(Z)(Y)) = 0

Properties of (g,0) related to a Riemannian symmetric pair (G, K).
(1) © is an involution of g and Lie(K') = ¢ is the eigenspace with eigenvalue 1.

(2) ady = d.Adg and since K is compact, Adg(K) < GL(g) is a compact subgroup.
Moreover, Lie(Adg(K)) = adg(®).

Definition: Compactly Embedded

Let g be a Lie algebra. We say that a subalgebra u C g is compactly
embedded if ady(u) C gl(g) is the Lie algebra of a compact subgroup U <
GL(g).
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Remark. We would like to say that U = Adg(K), K < G compact and K = U
but K might have a center

U= AdG(K)/Z(G) nK

Fact. Any such group U is a subgroup of Aut(g).
Proof: By naturality of the adjoint representation we have for allt e R, X € g

Adc(exp(tX)) = exp(ady(tX)).

But Adg(g) = decy which implies that Adg(g) € Aut(g) for every g € G. It follows
that
Lie(U) = ady(u) C Lie(Aut(g))

and thus that U° < Aut(g). Since U is connected, this implies that U C Aut(g)
which concludes the proof.

Definition: (Effective) orthogonal Symmetric Lie Algebra

(1) An orthogonal symmetric Lie algebra (OSLA) is a pair (g,0),
where g is a Lie algebra over R and © € Aut(g) is an involutive auto-
morphism of g such that its set of fixed points u:={X € g: 0X = X}
is a compactly embedded subalgebra of g.

(2) The orthogonal symmetric Lie agebra (g, ©) is effective if g N3 = {0},
where 3 C g is the center of g.

.

Remark. We note that since © is an involution (©? = Id) it can only have the

eigenvalues 1. We write

u={Xe€g:0X =X}
e={Xe€g:0X =-X}

for the corresponding eigenspaces.

The prominent example of effective orthogonal symmetric Lie algebra is the pair
(g,0) coming from a globally Riemannian symmetric space (see Theorem [[I.11]).

Lemma II1.28

(1) The decomposition g = u @ ¢ is orthogonal with respect to the Killing
form By.

(2) If g is effective, By | is negative definite.
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Proof. (1) Let X € uand Y € ¢ be arbitrary, so that, by definition, ©X = X and
OY = —Y. Moreover, since © is a Lie algebra automorphism,
By(X,Y) = By(0X,0Y) = By(X,-Y),
which implies that By(X,Y) = 0.

(2) Let (,) be an inner product on g that is U-invariant. Therefore U C O(g, (-, ))
and Lie(U) = adg(u) C o(g, (-, -)), that is, elements in ady(u) are skew-symmetric
with regard to (-,-). Thus if X € u and {ey,...,e,} is a basis of g, then

By(X, X) = Tr(adg(X)?)
=D (adg(X)%;, ;)

j=0

— Z(adg(X)ej, adg(X)e;)

== lladg(X)ey|”
j=1
<0

where we have equality if and only if ady(X) = 0, that is X € unj(g) = (0).
[

Definition: Compact, Non-compact and Euclidean Type

Let (g,©) be an effective orthogonal symmetric Lie algebra with Killing form
By, and let g = u @ ¢ be the decomposition of g into the eigenspaces of ©
corresponding respectively to the +1 and the —1 eigenvalue.

(1) (g,0©) is of compact type if B, is negative definite.

(2) (g,0) is of non-compact type if B |e is positive definite.

(3) (g,0) is of Euclidean type if ¢ is an Abelian ideal.

.

Recall. (1) The Killing form By restricted to u is negative definite, since u is com-
pactly embedded.

(2) A Lie algebra g is simple if

e g is not Abelian and

e g contains no non-trivial ideals.
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(3) A Lie algebra g is semisimple if it is the direct sum of simple ideals:
9= @ 9;-
J

Recall also that g is semisimple if and only if By is non-degenerate.

Remark. In cases (1) and (2) of the Definition, g is semisimple.
Moreover, (g, ©) is of Euclidean type if and only if [e,¢] = 0.

The following will be needed for the proof of Theorem A proof is given in
Marcs Notes Chapter IV, part 1.

Proposition I1.29

If g is semisimple, then
Der(g) = ad(g).

In other words, every derivation of g is inner.

We say that a pair (G,U) is associated with an orthogonal symmetric
Lie algebra (g,0), if G is a connected Lie group with Lie algebra g, and U is
a Lie subgroup of G with Lie algebra u. So one can define the type of a pair
(G,U), according to the type of the effective orthogonal Lie algebra to which it is
associated. Similarly, the type of a globally symmetric space M is defined as the
type of an associated symmetric pair (G, K) naturally associated to an effective
orthogonal symmetric Lie algebra (g, ©) as above.

Notice that, even though every choice of a base point gives rise a priori to a
different Riemannian symmetric pair, the types of such pairs are not changed: if
instead of a base point 0 € M we take the base point x = g - o, for g € GG, then the
Lie algebra g is the same and the involution © is replaced by Adg(g)®©.
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Theorem I1.30: Decomposition Theorem for OSLA

Let (g,0©) be an effective orthogonal symmetric Lie algebra. Then

g=9-DgoD g+

is a decomposition into O-invariant ideals such that

(1) (g_, S} |g_) is of non-compact type.
(2) (go, ) ’go) is of Euclidean type.

(3) (g+, S |g+) is of compact type.

Moreover, the decomposition is orthogonal with regard to B,.

How to construct g,,go,9-7 Notethat g =ueis a U-invariant decomposition.
Let then (-, -) be a U-invariant inner product on e. Since By |e is a symmetric bilinear
form, there exists a unique A € End(e) symmetric such that

By(X,Y)=(AX)Y) VXY e€e,

As U C Aut(g) and By is U-invariant, we note that if X,Y € ¢ and k € U are
arbitrary, then

By(X,)Y) = By(kX,kY) < (AX,)Y) = (AKX, kY) = <k:_1AkX, Y),
hence Ak = kA and therefore

Aoady(X) =adg(X)oA VX eu

As A is symmetric, there exists an orthonormal basis of ¢ which we write { f1, ..., fu }
consistingo f eigenvectors of A with eigenvalues {f, ..., 8,}. By the above property
Ak = kA, they are also preserved by U and adg(u).

Let us define

e-=> Rfj, ew=> Rfj, =) Rfj. (11.17)

B;<0 8;=0 B;>0
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Lemma I1.31

The subspaces ¢g, ¢, and e_ satisfy the following relations:
(1) eo={X €g:By(X,Y)=0 forall Y € g}.

(2) [eo,¢] = {0} and ¢q is an Abelian ideal in g.

(3) [e-,es] = {0}

Proof. (1) Write

gr={X €g:B,(X,Y)=0VY € g}

and note that g* is ©-invariant since B, is ©-invariant. Thus we have a decom-
position of g induced by the one of g

g-=(g"Nu) (g Ne)

As (g,0) is effective, By ‘uxu is negative definite and therefore gt Nu = (0)
implying that g+ C e. Therefore

gt ={X €e: By(X,Y)=0VY € g}

29 (X ce: By(X,Y)=0VY € ¢}
={X ece: (AX)Y)=0VY € ¢}
= ker(A)

by definition.

Note first that [eg, ¢] C [e,e] C u. Take then X € ¢;,Y € ¢, Z € u and write
BG([X7Y]7Z) = _Bg([Y7X]7Z)
= —(=By(X,[Y, Z]))
= (AX,[Y, Z])

=0

since A € ¢g = ker(A). But B, |uxu is negative definite and as Z € u is arbitrary
we must have [X,Y] = 0 for every X € ¢y, Y € e. In particular thus [eg, ¢g] =0
showing that eg is Abelian. Finally we note that,

[e0, 8] = [eo, u] + [eo, ¢] = [e0,u] = ¢o

because u commutes with A and therefore preserves e_, ¢g, ¢.
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(3) Take X €e_,Y € ey and Z € u. Then

BE([X’ Y]7Z) = _BQ(Y X, Z])

=—(AY | [X, Z])
D
et g

—

=0

as e_, e, are orthogonal with regard to (-,-) since they are defined using an
orthonormal basis. As before, this implies

(X,Y]=0 VXe€e,YcEe,. [ |
We now define
up = [ey, e u_=e_,e_] and up ;== uSp, (uy Gu_),

where the last equality denotes the orthogonal complement of u, & u_ in u with
respect to Bj.

The subspaces ug,u;,u_ are orthogonal with respect to By and their direct
sum is u.

Proof. To see that uy and u_ are orthogonal with respect to By, let X4, Y, € ey.
Then, by adg-invariance of By, we have

By([Xe, Vi, [X_,V-]) = By(X [Ye X, Y-]) = 0,
where the last equality follows from the Jacobi identity via

Yo (X Vo] = =X Vo Y = [V [V, X = =[X, 0] = Y2,0)=0. |
We have:
(1) u. are ideals in u that are pairwise orthogonal with regard to B,.
(2) [uo, e-] = [uo, e4] = {0}
(3) [u-, e = [u—, e ] = {0}.
(4) [uy, o] = [uy, 6] = {0}
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Proof. (1) We have already proved orthogonality so we are are just left to prove

that they are ideals.

[uﬂm 11] = Heiv ei]v u]

Jacobi

. _Heﬁv u]v ei] - [[u7 ei]? eﬂ:]

C [ei, ei]
= U4.

Let then X € uy L (uy ®u_), Z € u. We show
12, X] L (uy ®u)
that is, VY € u; @ u_ we have

BE([Zv X],Y) = _BQ(X7 [Z7Y]) =0
Cuyr Qu_

Let Z € up, X,Y € ex. Then
Bg([Za X],Y) - Bg(Zv [X7 Y]) - 07

since [X,Y] € ug and uy is orthogonal to ug. Since [up,er] C er and By
restricted to ex is non-degenerate, then [Z, X] = 0, that is [ug, e+] = {0}.

Using the definition of uy and the Jacobi identity, we have
[u:I:7 eo] = [[ei, ei], eo]
Jag)bl [e:b [e:b 20]]
= {0}7
because of Lemma [[1.31 (2). Likewise,
[uiv €¢] = Heiv ei]v 81]
Jag)bl [e:b [e:b e:FH
= {0}’

because of Lemma [[1.31] (3).
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Now it is clear that since
g=ude=(UBu Pu_)d(epPeg Pe_),

to find the go, g, and g_ we have to rearrange the direct summands. It seems that
setting

go=ug Deg g+ =up Dey g.=u_Sde_

might be a good idea.

Corollary 11.34

Uy Pey, ugP ey and u_ @ e_ are pairwise orthogonal ideals in g with regard
to By.

Proof. u=u_®uydu, and ¢ = e_ P ¢y & ¢, are both orthogonal with regard to
By so u. @ e, are pairwise orthogonal.
We show that they are ideals.

e To see that uy @ ¢ is an ideal, we only need to see what happens for [ug, ¢] as

[Uo @ eo,u@ el = [ug,u] +[uo, ¢] + [eo, u] + [eo, ¢] .
€up by [[L.33] €eo by [[1.31]

But by Lemma [[1.33]
[u()) e] = [u()) eO]

and u (thus in particular 1ug) preserves the decomposition of ¢. Therefore
[10, ¢0] C ¢o
and hence uy @ ¢g is an ideal.

e To see that u, @ ¢, is an ideal, note that

[u. Ge,ude] = [u.,ul+ [u, el + e, ul + [ec,e] . |
—— M —— ——
€ee =[ue,ee] Eee Clee,ec]Cue

Summary We have for (g, 0) an (effective) orthogonal symmetric Lie algebra the
decomposition
g=ude
=U_BuyPuy) P (e_ BegPBey)
=U_Pe )P (upDey) P (up Sey)
—_——— —— N——
=0 =00 =0+

such that
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(1) go,0+ and g_ are pairwise orthogonal ideals in g, so that in particular their

Killing form is the restriction of the Killing form of g i.e. By, = B, aoxa”

(2) (9,0) is effective and therefore By| = is negative definite. Thus

o As B, ‘e_xe_ is negative definite, B;_ is negative definite and g_ is therefore
of compact type.

o As By {e+xe+ is positive definite, B, is non-degenerate and g, is therefore
of non-compact type.

In both cases, g+ is semisimple.

(3) We showed in Lemma [II.31] (2) that eq is an Abelian ideal. Moreover, since g4

are semisimple, the center 3 of g must be all contained in gy and hence

3(90) = 3(9)-

Thus

3(g0) Nup C 3(g) Nu =0
and hence we are left to observe that uy is compactly embedded. But this is
true since u C g, uy C g4 are all compactly embedded and g is the direct sum

of the ideals go ® g4+ ® g—, (see [Hel0l, Lemma V.1.6]). Hence (go, ©|y,) is an
effective orthogonal symmetric Lie algebra.

Remark. We were a bit sloppy in the last part of the proof, in that the decompo-
sition we proposed is valid only if ¢y # {0}. In fact, if ¢; = {0}, then our proposed
go would be equal to uy. As a consequence, we would have that © = Id, which was
not allowed. We hence set if ¢g = {0}:

go = {0} g-=uOu_De_ g+ =up Dey if e # {0};

go = {0} g_={0} gr =u_Gu; Bey if e_ = {0}.

Remark. If (G, K) is a Riemannian symmetric pair, then we have an associated
orthogonal symmetric Lie algebra (g, ©) with ¢ compactly embedded. Since

3(g) Nt =Lie(Z(G) N K)

we note that (g, ©) is effective if and only if Z(G) N K is discrete.

Definition: Effective Riemannian Symmetric Pairs

A Riemannian Symmetric Pair (G, K) is effective if Z(G) N K is discrete.
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Let M be a Riemannian symmetric space, G = Iso(M)°, o € M and
K = Stabg(o). If N < G is contained in K, N = {e} and in particular
the Riemannian symmetric pair (G, K) is effective.

Proof. 1If g,o € M, then Stabg(g.0) = gKg~!. Since N <G and N < K we have

N C ﬂ gKg ' = m Stabg(g.0) = {e}.

geG geG

Since every subgroup of Z(G) is normal, (G, K) is effective. [ |

Definition: Riemannian Symmetric Spaces of Compact, Non-

compact and Euclidean Type

e An effective Riemannian symmetric pair (G, K) is of compact, non-
compact or euclidean type if the corresponding orthogonal symmet-
ric Lie algebra is.

e A Riemannian symmetric space M is of compact, non-compact
or euclidean type if the corresponding Riemannian symmetric pair
(Iso(M)°, Stabiso(arye (0)) is.

\.

Theorem I1.36

If M is a simply connected Riemannian symmetric space, then M is a Rie-
mannian product

M= M_x My x M,
where
e M_ is of compact type,
e My is of euclidean type and

e M, is of non-compact type.

\

Proof. CHECK!! Write G = Iso(M)°, 0 € M, 0 = s,gs, and © = d.o. Then (g,0)

is an orthogonal symmetric Lie algebra which can be decomposed as

g=9-Dgo D9+

Let then G, be the Lie subgroups of G corresponding to g.. Since the g. are ideals,
the G. are normal subgroups and G. N G, is discrete for ¢ # 7. We claim that
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(G, G, =0 and that

0:G_xGox Gy — G
(z,y,2) = Yz

is a homomorphism. In fact, [G., G,] < Go:NG,, but [G., G,] is connected and hence
trivial. Now we observe that if

dep: g- P gD g+ — 9

is an isomorphism, then ) . ) .
P0G xGyx Gy =G
is an isomorphism as well. Let p: G — G be the projection. Then

G G _G, . _
S () T ) T R =M
as M is simply connected and thus p~!(K) < G is connected.
£ = Lie(p'(K)) C g

and let €. be the subalgebras ¢ =¢t_ @ €, @ £, and K. the corresponding subgroups
of G.
G(K_ x Ky x K,) =p '(K)

and the K. are closed, hence (ég, K.) are a Riemannian symmetric pair with regard
to the lift 6 of 0. Thus

@Z Gi/K_ X GO/KO X G+/K+ — M

is a diffeomorphism. [ |

I11.9.2 Irreducible orthogonal Symmetric Lie Algebras

Definition: Reduced orthogonal symmetric Lie algebras

An orthogonal symmetric Lie algebra (g, ©) is reduced if u does not contain
any non-zero ideals.

Remark. If n C g is an ideal, then n C u is trivial if and only if any connected
normal subgroup N < G contained in K, N < K, is trivial.
In particular, reduced therefore implies that

ﬂ gKg' = ﬂ Stabg(g.0)

geG geG
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can not be connected and is thus discrete. Also the action of G on G/K has discrete
kernel.

Hence, if (g, ©) is reduced, it is also effective. In fact, 3(g) Nu is a subalgebra
of 3(g) and since the latter is Abelian it is actually an ideal in g contained in u. As
(g, ©) is reduced, it must thus be trivial.

Definition: Irreducible orthogonal Symmetric Lie Algebra

Let (g,0) be an orthogonal symmetric Lie algebra (with decomposition g =
u @ e). We say that (g, 0) is irreducible if

(1) g is semisimple and (g, ©) is reduced, and

(2) adg(u) acts irreducibly on e.

Theorem I11.37

A reduced orthogonal symmetric Lie algebra (g, ©) is the direct sum of irre-
ducible orthogonal symmetric Lie algebras and the decomposition is unique.

Theorem I1.38

Let V' be a real vector space and K < GL(V') compact. Then there exists a
decomposition V = @, V; into K-invariant irreducible subspaces.

Proof of Theorem[IL.38 Let (-,-) be a K-invariant inner product on V. If V is
irreducible, we are done. If not, take a K-invariant subspace and note that W+ is
also invariant. [ |

Sketch of Proof of Theorem[II.57. Let u,e be as before and (-,-) an inner product
on e that is u-invariant. Let A € End(e) be symmetric such that

By(X,Y)=(AX)Y) VX,Y€e

Let then ¢ = @)_, q; be the decomposition corresponding to the distinct eigen-
values ¢y = 0,¢1,...,¢; # 0 with ¢; # ¢; for 1 <4 # j < r. This decomposition is
also u-invariant. By the previous theorem, we can decompose the q; into u-invariant
irreducible subspaces

i
q9; = @ Pij
j=1

The p;; play the role of p in the Cartan decomposition.
Define

9ij = [Pij, Pij] + pij
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and show that
(1) The g;; are O-invariant ideals in g,
(2> Bgij = Bg

(3) m = g, is a semisimple O-invariant ideal and gy = Centry(m). This is also
O-invariant and (go, © ‘go) is a euclidean orthogonal symmetric Lie algebra. W

is non-degenerate and
9ij X@ij

Definition: Reduced/Irreducible Riemannian Symmetric Spaces

e A Riemannian symmetric pair (G, K) is reduced or irreducible if the
corresponding orthogonal symmetric Lie algebra is.

e A Riemannian symmetric space M is reduced or irreducible if the
corresponding Riemannian symmetric pair (Iso(M)?, Stabis(arye (0)) is.

.

Remark. A Riemannian symmetric space is irreducible if Lie(Iso(M)®) is semisim-
ple, K acts irreducibly via Adg on p, where g = €@ p is the Cartan decomposition.

Corollary 11.39

A Riemannian symmetric space M is isometric to the Riemannian product
M = My x ... x M,, where

e M, =EF and
e M;,1 < i < n are irreducible symmetric spaces of compact or non-

compact type.

\. J

Remark. M being irreducible does not imply that Iso(M)° is simple.
For example, let U be a compact Lie group and consider the Riemannian sym-
metric pair (U x U, AU) with A(U) = {(g,9) € U x U}. Define then

0(X,Y)=(Y,X)
and note that this implies

E={(X,X): X eu}
p={(Y,-Y):Y eu

with the ady(€)-action
(ady (X, X))(Y, =Y) = [(X, X), (Y, =Y)] = ([X, Y], = [X, Y]).

If U is simple, then U x U/A(U) is an irreducible symmetric space.
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Proposition 11.40

Let (G, K) be an irreducible Riemannian symmetric pair with Cartan de-
composition g = € @ p and let By be the Killing form. Then there exist a
(up to scalars) unique G-invariant Riemannian metric on G/K and on of the
following holds:

(1) Bg|po > 0 is positive definite, G/K is of non-compact type and the
Riemannian metric is Bj.

(2) By |po < 0 is negative definite, G/ K is of compact type and the Rieman-
nian metric is —By.

Proof. Take an Adg (K )-invariant inner product (-,-) on p and as previously
By(X,Y) = (AX,Y) VXY ep.

Since Adg(K) acts irreducibly on p we must have A = AId, for some 0 # X € R.
Whether By is positive or negative definite then depends on the sign of A. [ |

I1.10 From orthogonal Symmetric Lie Algebras to
Riemannian Symmetric Spaces

In this subsection we want to apply the techniques developped so far to see how
one can get from an orthogonal symmetric Lie algebra to a Riemannian symmetric
space. The first step is to g(o) from a reduced semisimple orthogonal symmetric Lie
algebra to a reduced semisimple Riemannian symmetric pair.

Theorem 11.41

Let (g,©) be a reduced semisimple orthogonal symmetric Lie algebra. Set
G = Aut(g)° and define the involution via

g: G — @G
a— a0

Let K < G such that (G°)° < K < G°. Then (G, K) is a Riemannian sym-
metric pair whose associated orthogonal symmetric Lie algebra is isomorphic
to (g,0). Moreover, G’ is compact, Z(G) = {e} and G acts faithfully on
G/K.
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Proof. Using Theorem |[[1.37| we can write

k

(:0) = [ [(s:, ©1)

i=1

as a product of irreducible components. It is left as an exercise to show that under
this isomorphism

Aut(g)® =

—

@
I
—

(Aut(gy))”

G S| G™

—

&
Il
—

and hence we may assume that (g, ©) is irreducible.
Recall that © € Aut(g) is an involution. Let g = £ @ p be the Cartan decompo-
sition. We define a scalar product
<'7 >

on g as follows:
(1) If g is of compact type we set (X,Y) = —By(X,Y) for X,Y € g.
(2) If g is of non-compact type we set

(X,Y) =—-By(X,0(Y)) for XY eg.

As g is semisimple it follows from Proposition that
adg: g — Derg C Lie(G)

is an isomorphism. Moreover, G° = {a € G : a® = Oa} 1is obviously a closed
subgroup of G.

We claim that G7 is compact. Indeed, G? preserves the scalar product (-, ).
This is clear in the case when g is of compact type, because Aut(g) preserves the
Killing form B, according to the reminder (1) at the beginning of section .

If g is of non-compact type, then for all « € G and all X|Y € g

(aX,aY) = —By(aX,0aY) = —Bj(aX,a0Y) = —By(X,0Y) = (X,Y).
We next compute the Lie algebra of G using again Proposition [[1.29] We have

Lie(G?) = {D € Der(g) : DO = 0D}
= {ady(X) : ©ady(X) = ady(X)O}
= {ady(X) : ady(©X) = ady(X)} = ad, &,
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hence Lie(K) = adg . So ad, establishes an isomorphism between (g, ©) and the
orthogonal symmetric Lie algebra associated to the Riemannian symmetric pair
(G,K).

In order to prove the last assertion we notice that (G, K) is reduced, so the kernel
N of the G-action on G/K is discrete. Since G is connected and N is a discrete
normal subgroup we obtain N < Z(G).

We finally take o € Z(G) arbitrary. Then for all § € Aut(g)° we have aff = fa.
Passing to the Lie algebra this implies

aadg(X) =ady(X)a forall X eg

or equivalently

adg(aX) = ady(X) forall X e€g,
which shows that o = Id, hence N = Z(G) = {e}. |

Given a Riemannian symmetric space M = G/K with an effective G-action we
obviously have G < Iso(M)°. We now address the question when we have equality.
Clearly this is not always the case as the example of G = R", o(v) = —v for v € R"
shows: M = E", but Iso(M)° = R" x SO(n). But these are essentially the only
examples.

Theorem 11.42

Let (G, K) be a Riemannian symmetric pair and assume that G is semisimple
and acts faithfully on M = G/K. Then G = Iso(M)° and K = Stabg(0),
where 0 = eK.

Proof. Let Gy = Iso(M)° and 7: G — Gy given by
7(9)hK = ghK.
Then 7 is a smooth injective homomorphism. Let 0: G — G be the involution such
that (G7)° < K < G“ and denote 7: G — M = G/K the natural projection. If
So: M — M denotes the geodesic symmetry at o = eK, then
ST = TS,

Define

0g: G0—>G0

Q — Soas,
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and Ky = Stabg,(0). Then (G, Ky) is a Riemannian symmetric pair and it follows
from s,m =ms, that the diagram

G —2-5 @G

b

GoLGO

commutes. Let g = €& p be the Cartan decomposition of the orthogonal symmetric
Lie algebra (g, D.o) and go = ,®po the one of the orthogonal symmetric Lie algebra
(g0, Deog). Then it follows from the commuting diagram above that

DeT(p) C po, DeT(E) C .

Since M = G/K = Gy/Ky we have dimp = dimpy and hence D.7(p) = po by
injectivity of D.t.
Next we notice that the inclusion

p,pl C ¢

from Proposition is true for any reduced semisimple orthogonal symmetric Lie
algebra. Indeed, one can easily verify that p + [p,p] is an ideal in g and that its
orthogonal complement with respect to By is contained in the orthogonal comple-
ment of p which is equal to g. Hence this orthogonal complement vanishes and we
get g = p+ [p,p]. From [p,p] C € we therefore get [p,p] = €. Combining this with
D.7(p) = po we conclude

De1(€) = [po, Pol-

Next we observe that (go, D.op) is a reduced and hence effective orthogonal sym-
metric Lie algebra and that the null space ¢y of the Killing form of gq is contained
in po and an Abelian ideal in gog. This gives the inclusion

!/

¢o C po = D.7(p) C D.7(9) = ¢,

so ep is an Abelian ideal in D.7(g) as well. But as g = D.7(g) is semisimple this
implies ¢g = 0. So (go, Deop) is a reduced semisimple orthogonal symmetric Lie
algebra, hence in particular [pg,po] = & which implies

DJ’(E) == Eo.

So 7 induces an isomorphism between the two orthogonal symmetric Lie algebras
and is therefore a Lie group isomorphism. [ |
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I1.11 Curvature

Definition: (Sectional) Curvature

Let M be a Riemannian manifold with Levi-Civita connection V. The cur-
vature of M is a multilinear map

R: Vect(M) x Vect(M) x Vect(M) — Vect(M)
where Vect(M) is a C*°-module defined as

R(X,Y)Z =Vx(VyZ) - Vy(VxZ) - Vixy|Z
Remark. For p e M (R(X,Y)Z), depends only on X,,,Y,, Z,.

From R one can define the sectional curvature: Let p € M and Gro(7,M)
be the Grassmannian of 2-planes in 7}, M. Define then

kp: Gra(T,M) - R
P — (R(u,v)u,v)

where {u,v} is an orthonormal basis of P.

Theorem 11.43

Let (G, K) be a Riemannian symmetric pair with associated Riemannian sym-
metric space M and a corresponding G-invariant Riemannian metric.

(1) If (G, K) is of compact type, then x, > 0 for all p € M.
(2) If (G, K) is of non-compact type, then k, <0 for all p € M.

(3) If (G, K) is of euclidean type, then k, =0 for all p € M.

7

The proof of this relies on the following result:

Theorem 11.44

Let (G, K) be a symmetric pair a and let R be the curvature tensor. Then at
the point 0 € G/K

Ro(X1, X2) X3 = —[[X1, X, X3]

where X; = d.nX;, for X; €p,i=1,2,3.

7
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Proof of Theorem[II.f3 Take Xy, X5 € p. Then
BG(_[[X1’X2]7X1]7X2) = BQ([XDXQ]’ [XlaXQ])

We restrict to the first case and note that if (G, K) is of compact type, then we take
— B, as the Riemannian metric at o after p = T,M.
Let X1, X5 € p such that X, Xy € T,M are orthonormal. Then

ro(Span( Xy, X)) = ~(A(%,, X)X, £) 11S)
T (%, Xl X)L Xo) (IL.19)
— By([[X1, Xa], X1], Xo) (I.20)
— By([X1, Xa], [ X1, Xa) (1L21)

(11.22)

= <[X17X2]7 [X17X2]> = ||[X17X2]||2 > 0. |

I11.12 Duality

There is a remarkable and important duality between compact and non-compact
orthogonal symmetric Lie algebras which is a special case of a general construction
we will outline now. First we need some preliminaries on complexifications of real
vector spaces and real Lie algebras.

Definition: Complex structure

Let V be a real vector space and v a real Lie algebra. A complex structure
on V is given by

J € End(V) such that J? = —1Id.

A complex structure on v is a complex structure J € End(v) of v as a
vector space which in addition satisies

[X,JY] = J[X,Y].

Any real vector space V' with a complex structure J can be turned into a complex
vector space, denoted V', by setting

(a+ip)v = av+ BJ(v)

Conversely, any complex vector space W can be considered as a real vector space,
denoted W with a complex structure J € End(W®) given by J(w) =4 -w. Then

obviously WR = W.
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If J € End(v) is a complex structure on v, then it follows that [-,-]: b x o — ©
is C-bilinear and b is a C-Lie algebra.

In general, real vector spaces do not always admit a complex structure. However,
for any real vector space V one can define an endomorphism J € End(V x V') with
J2 = —Id by

J:VxV—VxV
(v, w) = (—w,v).

Definition: Complexification

The complexification of V is V© = m The complex conjugation
on V® is the R-linear automorphism 7 € End(V x V) defined by

7(v,w) = (v, —w).

V embeds into VC as a real vector space by

Ve VE
v = (v,0)

Notice that the map
e 1
(v,w) = v+ iw

is C-linear and bijective, hence VC can be identified with V' + V. Then complex
conjugation is defined as usual, namely by

T(v+iw) = v — w.

Remark. If v is a real Lie algebra, the Lie bracket on v extends uniquely to a
C-linear Lie bracket on v®.

Example. Let g = sl(n,R). Then sl(n,R)® = sl(n,C). In fact,
Aesl(n,C) <= tr(4) =0
<= Retr(A) =Imtr(A4) =0
<= trRe(A) =trIm(A) =0
— A=A +1iA,, A € 5[<H,R)

and thus
sl(n, C) = sl(n,R) + isl(n, R).
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Example. Let g = su(n,C) = {X € sl(n,C) : X*+ X = 0, where X* = Xt}.
Observe that su(n,C) is a real Lie algebra. We claim that su(n, C)¢ = sl(n,C). In
fact,

isu(n,C) = {iX €sl(n,C) : X* + X =0}
— {X e€sl(n,C): X* = X}.

But for any A € sl(n,C) we can write

_A—A*+A+A*
2 2 7
N——

esu(n,C) €isu(n,C)

A

so sl(n,C) C su(n,C) @ isu(n,C) and a count of dimensions gives equality.

Example. Let g = o(p,q). Since any two non-degenerate quadratic forms over C
are equivalent, we have o(p,q)® = o(p + ¢, C). In particular o(n, R)¢ = o(n,C) and
o(1,n —1)¢ = o(n,C).

Definition: Complexificaton of endomorphisms

If V is a real vector space and T' € End(V'), the map

VE=V4+iV —V+iV
v+iw = To+Tw

is an endomorphism of the C-vector space V.

Notice that if 77,75, T € End(V), then
(T oTy) =T oTy and try(T) = tryc(T°).
Moreover, if A € End(VC), then
tryeyr A =2Re (trvc A).

Definition: Real and Compact Form

e If h is a complex Lie algebra, a real form of fj is a real Lie algebra g
such that g€ = b.

o If g is semisimple and By is negative definite, then g is called a compact
form of g* = h. By abuse of notation, if b is a real Lie algebra, by a
compact form we mean a compact form of .

7
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Theorem II1.45: [Hel01, Theorem III.6.3]

Every semisimple Lie algebra has a compact form.

Lemma 11.46

Let go be a real Lie algebra and g := g5 its complexification. Then

(1) By (X,Y) = By(X,Y) for all X,Y € g.
(2) Bg(X,Y)=2Re(By(X,Y) for all X,Y € g.

(3) go semisimple <= g semisimple <= g® semisimple.

This lemma follows from the fact that the map

e: gl(go) — gl(g)
T+ TC

is a homomorphism of real Lie algebras and that the following diagram commutes:

ad
go — gl(go)

|,k

g —— gl(g)

Back to orthogonal symmetric Lie algebras. Let (go,©¢) be an orthogonal
symmetric Lie algebra with Cartan decomposition go = €@ p. Let g == g5, © = OF
be the complexifications, and 7: g — g the complex conjugation. Then

b ik p, ip
are R-subspaces of g® with the following bracket relations:
[t € C ¢ [&,ip] C ip and [ip,ip] = [p,p] C L.
Thus g* := £ + ip is a Lie subalgebra of g® with bracket coming from g
(X 4+, Z+iT) = [X, Z] = [V, T+ i([X, T) + [Y, Z]) .

The conjugation 7: g — g restricts to an involution ©* := 7

e € End(g*).
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Definition: Isomorphic orthogonal Symmetric Lie Algebras

Two orthogonal symmetric Lie algebras (g1, 1) and (gs, ©2) are isomorphic
(g1,01) = (g2, O2) if there exists a Lie algebra isomorphism ¢: g; — go such
that

O209p =906,

Proposition 11.47

Let (go, ©9) be an orthogonal symmetric Lie algebra with go semisimple. Then

(1) The pair (g*, ©*) with ©* =1

(2) (8)° = g5, (6")" = 6,
(3) (g%,©") is effective if and only if (go, ©y) is effective,

- is an orthogonal symmetric Lie algebra,

(4) (g*,©*) is reduced if and only if (go, ©p) is reduced,

(5) The pair (go, ©p) is of non-compact type (resp. compact type) if and only
if (g*, ©*) is of compact type (resp. non-compact type),

(6) (91,01) = (g2, 02) if and only if (g, ©7) = (g3, ©3) and
(7) ((87)",(©%)") = (g0, O0)-

\.

Sketch of the proof. (1) Since 7 € Aut(g®), € is the part of the algebra fixed by
©* € Aut(g*). So we only need to show that £ is compactly embedded in g*.
Consider the R-vector space isomorphism

¢:go— g
X+Y = X4+iY

which induces the Lie group isomorphism
®: GL(go) — GL(g")
A pAp™L.
Notice that for all Z € € we have
¢poady,Z = adyg-Z o ¢.
Since € < go is compactly embedded, there exists U < GL(gg) compact and
connected such that Lie(U) = ady,(€). Using ® and its derivative
du®: gl(go) — gl(g”)
B — ¢Bop™!
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we get djg®(adg,t) = adg-€, hence ady-(8) = Lie(®(U)) and ®(U) < GL(g*) is
a compact connected Lie group.

(2) The verfication is left to the reader.
(3) This follows from 3(go) N€=3(g*) NE.

(4) We recall that (go, ©g) is reduced if and only if any ideal n < gy that is contained
in ¢ is trivial. Moreover, an ideal n < g, is contained in £ if and only if n < £ is
an ideal and if [n,p] = 0.

Now n < ¢ is an ideal with [n,p] = 0 if and only if [n,ip] = 0, so n < go is
contained in ¢ if and only if n < g* is contained in £. Hence (go, ©p) is reduced
if and only if (g*, ©*) is reduced.

(5) Since (go, Oy) is effective semisimple, so is (g*, ©*) according to Lemma [I1.46
and (3) above. Lemma [I1.46| further implies that for any XY € p

BQO(X’ Y) - BQ(X’ Y)
= —B,(iX,iY)
= — By (iX,iY)
since (g*)° = g = (go)".

(6) Any isomorphism of real Lie algebras extends to an isomorphism of the com-
plexifications.

(7) Obviously we have (g*)* = go. The proof of (©*)* = O is left to the reader. W

Definition: Dual
(g*, ©%) is called the dual of (go, Op).

Example. (sl(n,R),0) with ©(X) = —X"*. We saw already that
sl(n,R)® = sl(n, C).

Now we claim that the dual of (sl(n,R), ©) is (su(n,C), ©%).
In fact, if sl(n,R) = ¢ @ p with

t={X esl(nR): X+ X' =0}
p={Xesl(nR): X =X},
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then

g =Et+1ip
—{Z€sl(n,C): Z=X+iY with X + X' =0 and YV = Y’}
={Z esl(n,C): Z+Z*=0}
= su(n,C)

The corresponding symmetric spaces are

M = SU(n)

SO(n)
where M* is compact.

Example. Let g = so(n) = {X € gl(n,R) : X + X* =0} and let p,¢ € NU {0} be
such that p + ¢ = n. Define ©,, as

X = 1 X1,

I

— 0
— p
where I, = ( 0 [q).
It is easy to check that ©,,(g) = g and that @zq = Id. We write g in block form

o {(4 B) v a0 pipo0 e m)

and note that in this form
A B A -B
O(X) :@(—Bt D) - (Bt D )
It is then easy to see that the Cartan decomposition is given by
A 0
t=qX = 0 D €so(p+q): A€so(p),D € so(q)
0 B
p=<X= B 0 €so(p+q): BeM,,(R)».
Now we observe that

g-=t+ip

:{(@ét Zg) A+ A =0=D+ D", BGMM(R)}
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and define
o: gl(n,C) — gl(n,C)

—il, 0 —il, 0
v (0 ) (0 1)

(o I, 0 I,
A iB\ (A B
7\iBt D)~ \B D)

This shows that ¢ is an isomorphism g* =, s0(p, q) where

such that

s0(p,q) = {(; g) A+ A =0=D+ D", BeMp,q(R)}.

Finally, the involution is given by ©* = 7| _ with 7(X +iY) = X — Y, that is

g*

o (A BY_(A -B
B D)~ \-Bt D)

In conclusion, (so(p+q,R),0) and (so(p, ¢), ©*) are dual orthogonal symmetric Lie
algebras. The corresponding Riemannian symmetric spaces are

V=0 E 500 x s0()

where M is compact and M* is not.

A — SO, Q)/SO(p) x SO(q)

We will next show how this duality can be realised at the level of Riemannian
symmetric pairs. To this end we will use the construction in Theorem [[[.41] Let
(g0, ©0) be a reduced semisimple orthogonal symmetric Lie algebra, g := (go)* and
7: g — g the complex conjugation with respect to go. Recall that g* = € & ip and
o* = T’g*. Then (g*)¢ = g and (6%)¢ = 6F.

Consider

eo: Aut(go) — Aut(g)

a— at

which is an injective Lie group morphism satisfying
eo(Qg 00 By") = (6)  0a o (67) "

Denote o the restriction of the conjugation by OF to eo(Aut(go)) < Aut(g). Anal-
ogously we consider

e*: Aut(g*) — Aut(g)
B B
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which is an injective Lie group morphism satisfying
e (O®* oo (@*)_1) = (@*)C o ﬁ(c o ((@*)C)il,
and denote o* the restriction of the conjugation by (0*)€ to e*(Aut(go)) < Aut(g).

Proposition 11.48

The groups Gy = eg(Aut(go)°) and G* = e*(Aut(g*)°) are closed connected
semisimple. Moreover, o defines an involution on Gy and ¢* an involution on
G*. The group K := GoN G* is compact and satisfies

(G§°)° € K C G2, ((G")7)" Cc K C(G").

Moreover, the orthogonal symmetric Lie algebra associated to (G, K) is iso-
morphic to (go,O0) and the orthogonal symmetric Lie algebra associated to
(G*, K) is isomorphic to (g*, ©*).

\.

Proof. 1t will turn out to be essential to understand the relation between T, @g,
(©*)¢ and 7*, where 7* denotes the complex conjugation of g = g* + ig* with
respect to g*. All of these four maps are automorphisms of g®, that is g seen as a
real Lie algebra. It will be convenient to present the action of these automorphisms
in a table:
e | it p 3y

O || Id |-Id|—-Id
9| | Id |—-Id|—Id

T Id | —Id| Id | —1Id

™ | Id|—Id|—Id| Id

All these automorphisms have order two, commute pairwise and satisfy

Q5 o7 =T, (O o7 =1.

Hence if (@, ) denotes the subgroup of Aut(g®) generated by two elements o, 3 we
have

(05, 7) = ((©)°,77) = (1, 77).
Let us now define the following automorphisms of the Lie group Aut(g®): For a €
Aut(g®) set

t(a) = rar™t, t*(a) = Tra() 7, r(a) = 65a(65) ™ = (@*)Coz((@"‘)c)_1
Hence the set

Aut(g) = {a € Aut(g®) : a(iZ) = ia(2) ¥ Z € g}
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is a closed subgroup of Aut(g®) which is invariant by ¢: Indeed, for all Z € g we
have
T(iZ) = —it(Z)

and hence if « € Aut(g)
(rar™)(i2) = (ra)(=iT™}(2)) = 7(=iar™!(2)) = iraT™(2).

We further claim that the image of ey: Aut(go) — Aut(g) coincides with (Aut g)t,
the subgroup of Aut g fixed by ¢. The proof is left as an easy verification. Thus the
image of ¢j is closed and hence

€o: Aut gdo — (Aut g)t
is a Lie group isomorphism which implies that
Go = 60((Aut go)o) = ((Aut g)t)o

is closed connected semisimple.

The same argument applies to G*.

Now we have the following relations in Aut(Aut g*): ¢, t*,r are of order two and
commute pairwise,

and
(rit) = (r,t*) = (t,t")

as subgroups of Aut(Aut g*).

Recall that o9 = r} o «. Moreover,

(Autg)t’ f=r |(Autg)t

GoNG* = ((Autg)')’ N ((Autg)")°
is open in
(AUt g)t N (Aut g)t* = (Aut g)(t’t*> — (Aut g)<t,r) _ (Aut g)<t*’r>_

Thus Go N G* is open in ((Autg)?)’, but it is also contained in Gy = ((Autg)*)”,
hence it is open in

((Autg))" N ((Autg)")" = G§.

We conclude
(G7)" CcGoNG* C GY.

The compactness then follows from the compactness of G which is a direct conse-
quence of Marcs Theorem IV.15. [
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Definition: Compact dual

Let (go,O0) be a reduced orthogonal symmetric Lie algebra of non-compact
type and (G, K), (G*, K) as above. Then we call M* = G*/K the compact
dual of the symmetric space M = Go/K of non-compact type. Observe here
that K is connected and G = Iso(M)°, G* = Iso(M*)°.

The following remarkable Theorem is the starting point of many interesting
developments.

Theorem 11.49

Let M = Gy/K be a Riemannian symmetric space of non-compact type with
compact dual M* = G*/K. Then there is a canonical isomorphism

QF (M) = H*(M*,R)
where

e OF(M)% is the space of Gy-invariant smooth differential k-forms on M
and

e H®(M* R) is the singular cohomology of M* with R-coefficients.

~

Before we give a proof of this theorem we will need some notation and a few
lemmata.

Notation. If V' is a real vector space, we write Alt (V') for the space of alternating
forms V¥ — R in k variables.

Lemma I1.50

Let M be a Riemannian symmetric space, G = Iso(M)°, o € M and
K = Stabg(o). As m: G — G/K is the projection, d.m: p — T,M is an
isomorphism of vector spaces that commutes with the action of € on p via
adg(t) and on T,M via the differential of left translation. Then

QF(M)E — Alty(p)2ds®

is an isomorphism.

Sketch of Proof. The isomorphism is obtained by restricting w € Q¥(M)% to o € M,
wo € Alty(T,M), and pulling it back: (d.7)*(w,) € Alt(p). |
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Lemma I1.51: (Cartan)

Let M be a Riemannian symmetric space , G = Iso(M)° and w € QF(M)%.
Then
dw = 0.

Proof. Take o € M, s, € G the geodesic symmetry at o and let w € Q(M)®. Since
for all ¢ € G we have s,gs, € G we get

w = (80980) w

ok Kk
= 5,9 S,W,

hence from s = (sz)_l

* _ k k
Spw = g S,w.

This shows that s*w € QF(M)“. Moreover, s, = —Id and thus

‘TOM
(57w)o = (=1)Fw,

o

and by G-invariance
(55w)e = (—1)*w, for all x € M.
So the forms (—1)*w and s’w coincide, and applying d we get
(—D)Fdw = d(sfw) = s7(dw).

But since dw is an invariant (k+1)-form we have s*(dw) = (—1)*"1dw which implies
dw = —dw and hence dw = 0. |

Lemma I1.52

Let U be a compact connected Lie group acting smoothly on a smooth mani-
fold X. The inclusion of complexes

QF(X)Y — QF(X)
induces an isomorphism in cohomology

QF(X)Y = HE(X).

\

Proof. As U is compact, there is a normalized Haar measure dy on U.
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Injectivity: Let v € Q%(X)Y and assume that « is exact in Q%(X), that is « = d3
for some 3 € Q¥ 1(X). Since the U-action commutes with d we get

oa=u'w
=u*dp
= d(u"p)

for all w € U, hence

oz:/Uu*ozd,u(u)
- [ atws)au

—a( [ wsauw).

TV
eQk-1(X)U

Surjectivity: Let a € QF(U) such that da = 0. As U is connecte, every u € U

is diffeotopic to the identity Id € U. Thus a and u*« represent the same class in
H}p(X), and for every C'-cycle z € Hi,(X;R) we have

/a:/u*a for any w e U.
Using Fubini we conclude
ERIAVE ) g
U

/ w o dp(u
zJU
which shows that

L(a—/Uu*a du(U)> =0 for all 2 € Hy(X;R).

De Rham’s Theorem now implies that o and [, u*a du(u) represent the same co-
homology class. In particular,

o= /Uu*a dp(w)

is U-invariant which proves surjectivity. |
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Proof of Theorem[II.{9 Denote Gy = Iso(M)°, G* = Iso(M*)° and o = eK €
M N M*. Then according to Lemma [[T.50]

QF (M) =2 Alty(p)2ds®
Now
p—p
X =X
is an Ad(K)-equivariant isomorphism of real vector spaces, hence
Alty,(p)2ds® 2= Al (ip)2da®

and the latter is isomorphic to QF(M*)¢" again by Lemma [IL.50, Since G* is a
compact connected Lie group, the inclusion of complexes

Qk(M*)G* N Qk(M*)

induces an isomorphism in cohomology QF(M*)¢" =~ HE (M* R) according to
Lemma But by Lemma (QF(M*)E",d) is equal to its cohomology and
hence

QF(MY)E 2 By (M, R),

the latter being De Rham cohomology which itself is isomorphic to H*¥(M* R) by
De Rham’s Theorem. |
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Chapter 111

Symmetric Spaces of
Non-Compact Type

ITI.1 Symmetric spaces are CAT(0)

Definition: Geodesic and Comparison Triangle

e A metric space (X, dyx) is called geodesic if for every two points x,y € X
there is a continuous path

v: [0,dx(z,y)] = X

from z to y and such that [(v) = dx(z,y), where
n—1

{(7) :=sup {Z dx(v(t;),Y(tj41) : 0=tg < --- <t, = dX<x7y)}
=0

and the supremum is taken over all partitions of [0, dx(z,y)].

e A geodesic triangle A(p, ¢,r) in a geodesic metric space X consists of
three points p, ¢, € X and geodesic segments [p, ¢, [q,r] and [p, r] that
join them and whose lengths is the distance between the endpoint{%

e Given A(p, ¢, 7), a comparison triangle is a triangle A = A(p,q,7) in
E? whose sides are geodesic segments of the same length as the sides in
A.

e Given a point = € [p, ¢|, a comparison point for it is a point T € [p, q]
such that
dx(p,z) = dg2 (P, T).

2The notation A(p, g, r), that is the lack of indication of the geodesic segments, will soon
be justified (see the Remark before Proposition [III.1
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q r q c T

It is easy to see that comparison triangles always exist and are unique up to
isometries.

Definition: CAT(0)

A geodesic metric space is CAT(0) if for every geodesic triangle A(p, ¢, r) with
comparison triangle A(p,q,7) and points z,y € A(p,q,r) with comparison
points Z,y € A(p, g, T) the following inequality holds

dx<l',y) < d]EQ(Ea g) 0

Remark. It is intuitively obvious that in a CAT(0)-space triangles are thin, that
is, a <@, f < and v <7. (This will be proven in Corollary ?7(2).)
More generally, in a CAT(k) space triangles are thinner than triangles in a

model space of constant curvature x. For CAT(—1) the hyperbolic space is used,
for CAT(0) the euclidean plane and for CAT(1) we use the sphere.

Remark. CAT(0)-spaces are uniquely geodesic. To see this, let us take a geodesic
triangle A(p,q,r) C X with comparison triangle A(p,q,7) C E2. Let X € [p, q] and
y € [p,r] be such that dx(p,z) = dx(p,y). If now ¢ = r, so that p =7, the geodesic
sides [p,q] and [p, 7] must coincide since E? is uniquely geodesic and hence T = 7.

q=r q=r

[p, 4] [p, 7]

Since
dx(z,2') < dg(Z,2") =0,
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then x = y and hence [p, q] = [p, ]

Notice that we will show in Theorem that Riemannian symmetric spaces
of non-compact type are CAT(0). However the proof of this fact uses that they are
uniquely geodesic, which will be shown in Proposition 77.

Proposition III.1

Let (X,d) be a complete CAT(0)-space.
(1) If S C X is a bounded set and
ry =1inf {r >0:S C B(x,r) for some z € X }

then there exists a unique x, € X such that S C E(xs,rs). We call this
the circumcenter of S.

(2) Let C C X be a closed convex set. Then there exists a unique pc(x) € C
such that

dx(z,pc(z)) < d(z,C) = inf{dx(z,y) :y € C}
(3) Let v1,72: R — X be two geodesics parametrised by arclength. The map

R — R
t = dx(m(t),7(t))

IS convex.

Proof. (1) Let (rp)neny € R be a sequence such that 7, — r, that has the property
that there is x, € X such that S C B(xzp,1,).

Claim: (z,),en is Cauchy.

If so, (x,)neny converges since X is complete. We set z; = limz,, so that
S C B(ws,75). To see that it is unique, let x,, 2/, be two such points and let us

define
KT n even
o x n odd.

Thus S C (B(zs,7s) N B(z),7,)), so that S C B(yn,7s). Again by the claim
that the sequence (y,)nen is Cauchy, hence convergent, it follows that =, = 2.

Proof of claim: Let ¢ > 0. Take then two points x,,x, of the sequence and
define m to be the midpoint of the geodesic [x,,, x¢] which connects them.
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4{(

Then by definition of 7, there is a y € S such that
dx(y,m)* >r? —e.

If not, then for every y € S we had dx(y,m)* < r2 — ¢ which contradicts the
definition of r as it would imply S C B(m,rs — €).

Consider then the geodesic triangle A(x,,xe,y) and its comparison triangle
AT, 70, Y).

In Ty x_n = Up, Un+v¢ .T_g = Wy

Write ¥ = 0, T, = v, and Zy = v, and note that the comparison point of
M € [x,, ) i.e. M € [T, Tq] corresponds to *>2*. Then

2 ___ CAT(0)

Up +0 _
‘ = dEz(ya M)2 > dX(yvm)Q > 7"3 —¢&

2

implies that
~2(vn, v0) < Joal® + [Jvell* = 4(r3 = €).
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But then
[vn — vell* = [[oall® + vell® = 2(vn, ve) < 2[|vall? + 2lJvel)* — 4(r2 — €)

and by definition of r,, given the chosen ¢ > 0 there is a N € N such that
r,% <rs+¢e for all £ > N. Hence choose n,m > N and note

lonll” = dez (@ g) <7 +e and  fogl|* = de2(T2,7) <72 + .
Thus it follows that
dx (wn, 20) < dg2 (T, T7)* = |Jon — ve]|* < 8¢
and thereby that (x,) is Cauchy.
(2) Exercise.

3) Write f(t) = d(v1(t),72(t)). For t;,t, we note t := 22 and want to show that
2

f(t) < S(f(t) + f(E2)).

N | —

Consider the midpoint m of the geodesic segment [y; (1), 72(¢2)] and the compar-
ison triangle A(y1(t1), v1(t2), V2(t2)). Since the two triangles A(vi(t1),m,71(t))
and A(y1(t1), v2(t2), 71 (t2)) are similar and 7, (t) is the midpoint of [y (¢1), y2(t2)],
it follows that

e (D), 70) = 32 (82, 72(82)
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Note that ~;(¢) is the midpoint of [y (t1),v1(t2)] which implies
dx(i(t),m) < dgz(m(t),m)
1

_ §dE2 (fyl (tg), V2 (t2)>

— %dx(%(h)a a(t2))-

Likewise, by considering the geodesic triangle A(vy1(t1),v2(t1), 2(t2)), we show
that

dx(2(t),m) < 5dx(n(t2),22(00),

Finally we observe that

f(t) = dx(m(t),72(1))

= dx (7 (£), m) + dx (m, 7a(t)

< %(dX(%(tQ)ﬁz(tz)) + dx(711(t1), 72(t1)))

= S (F(E) + £ (1) .

Riemannian symmetric spaces of non-compact type are CAT(0).

As remarked already before of the remark right before Proposition 7?7, we coudl
infer that Riemannian symmetric spaces of non-compact type are uniquely geodesic.
However the proof of Theorem uses Proposition 7?7, where the fact that a
Riemannian symmetric space is uniquely geodesic is proven directly.

Proposition II1.3

Let M be a Riemannian symmetric space of non-compact type. Then
Exp,: T,M — M is a distance increasing diffeomorphism and hence M is
uniquely geodesic.

Proof. We want to show that for X € T,M and for £ € Tx(T,M) =2 T,(M),if X € p

[dx Exp, ()| = [I€]] -
According to Corollary [[1.24] X € p
[e.e] T n
dx(Exp,od.m) = (doLexp(X) od.m) o (Z ﬂ)

(2n+1)!

n=0
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where Tx = (ady X)?. Since both dew and dyLexp x : ToM — Tiexp x).0M preserve
the scalar product (the first by definition and the second since it is the parallel
transport along t — exptX - 0), the assertion can be true only if

oo (TX }p)n

T .=
(2n + 1)!

n=0
is distance increasing.
To see this, we first claim that T'x|, is diagonalizable. In fact, for X,Y € p

By(TxY,Y) = By((ady X)?Y,Y)
— —By(ady(X)Y, ady(X)Y)
>0

because ady(X)(p) C € and Bylexe < 0. It follows that there exists an orthonormal
basis {e1, .., e, } of p such that Tx = diag(Aq, ..., A,) with A; > 0. Therefore

. 3 N —A;{:
T = diag(pa, - i) with — pj = Z (2k + 1)! 21
k=0 '

and hence T is distance increasing. [

Remark. The assertion of Proposition is actually true for all complete Rie-
mannian manifolds of non-positive curvature.

Corollary III.4

(1) (Law of cosine) Let M be a Riemannian symmetric space of non-compact
type, A a geodesic triangle with a, b, ¢ as sides and opposite angles a, 3, 7.
Then

> a® 4 b? — 2abcos(v)

(2) If A = A(p, q,r) with comparison triangle A = A(p,q,7), then

a<a, <P and v < 7.

Proof. Consider the geodesic segment [p, ql, [p,r] and [g,r] in M. Then [p,q] and
[p, ] are determined by tangent vectors v, v, € T, M such that ||v,|| = b and ||v, || =
a, so that ¢ = Exp,(v,) and 7 = Exp,(v;)
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By definition, the angle at 0 between v, and v, is 7, so that
vy — w,||* = a* + b* — 2abcos(y).
By Proposition
& =d,(q,r)?
= dx (Exp(vg), Exp(vr))*
> |[(vg = v l®
= a* + b — 2abcos(7).
(2) From the first part we note that

& =a® +b* — 2abcos(7)
¢ > a* +b* — 2abcos(7)

and thus v < 7.

89

Proof of Theorem [ITI.3. We proceed in two steps. First we show that any space that
satisfies the Law of Cosine in Corollary |I11.4] satisfies the CAT(0) inequality for a

vertex and a point inside a geodesic side, then we take two generic points.

(1) Let A = A(p,q,7)v be a geodesic triangle and A = A(,p,§)r be its comparison

triangle. Take x € [¢,7] with T € [g,7].

b (B

L)
=
S

By definition of comparison triangle,

dy(q,z) = dg2(q, ™) and dys(z,7r) = dg2(Z,7)

s

|

but we want to compare dy(x,r) and dgz(Z, 7). The idea is to consider = as the

vertex of two geodesic triangles A(p, ¢, x) and A(x,r,p)
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Po Po
o X\ )
qo Zo Zo
To

It follows from Corollary [[IT.4] that v < v and ¢ < dy, so that m = y+8 < v9+0.
Thus qo, o and ry are not necessarily collinear. Let r{ be collinear with gy and
o and such that

dgz2 (o, 74) = dg2(x9,70) = dpr(, 7).

Do

\ 60 Yo o 56 /

T
o g ——

To

Then Af < o, so that
dx2(po, 7o) < dr2(po,10) = dr(p,7) = dg2(P,T) - (IL.1)
Applying Corollary to the triangle A(pg, 75, @) we obtain
di2(po,70)* = dig2(po, @0)* + di2(qo, 75)* — 2dz2 (po, go)dg2 (o, 7)) cos Fo
and to the triangle A(p,7,q) we obtain
dg2(p, 7)* = dg2(P,9)° + dg2(. 7)" — 2052 (p, §) g2 (4, 7) cos 3.

From ([IL1)) and since dgz(po, o) = de2((P,q), and dg2(po,74) = dg2(p,T), we
obtain that 5y < 5. It follows then that

dr2(D, T) > dg2(po, qo0) = dm(p, x), (IT1.2)

where the inequality comes from the fact that we are in Euclidean geometry and
the equality from the comparison of A(q, z,p) with A(qo, zo, po)-
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(2) Let now y be a generic point on one of the geodesic sides, for example y € [p, .

<
8
-~
=
<
<
(=)

From (1) applied to the geodesic triangle A(q, z, p) and to A(zg, po, ¢o) We obtain
that

dM(x7y) S d]EQ(x()?yO) :

Still from the proof of (1) we know that 3y < Bm which, by relabeling the vertex
implies that

dgz2 (20, yo) < dp2(T,7Y) -
The two last formulas give the desired assertion.

Theorem II1.5

Let M be a Riemannian symmetric space of non-compact type, o € M and
K = Stabg(0). Then

(1) Any compact subgroup U < G has a fixed point in M. In particular
Stabg(p) is a maximal compact subgroup for every p € M. All maximal
subgroups arise in this way and they are all conjugate.

(2) The map from M to the subgroups in G defined as p — Stabg(p) is
injective.

.

Proof. (1) If U is compact, S = U,o is bounded and thus has a circumcenterzg
whose existence was proven in Proposition [[II.1} Since S is by construction U-
invariant, the circumcenter is fixed by U. Thus Stabg(p) is a maximal compact
subgroup in G.
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(2) By the first part, any compact subgroup U < G is contained in some Stabg(p).
Since maximal compact subgroups are conjugate, they fix two points in M (by
transitivity).

Also if p # ¢, then Stabg(p) # Stabg(q). If not, there would exist 0 # Z € p
such that ady(/K)Z = 0. This would be true in one of the irreducible symmetric
spaces. But then this would have dimension 1 which is impossible since M is of
non-compact type. [ |

Remark. If M is a Riemannian symmetric space of non-compact type, we can thus
write it as

M =G/

where K < GG is a maximal compact subgroup. If M* is of compact type, we can
write

M* =% /5

where K < (G is again a maximal compact subgroup.

II1.2 Flats and Rank

A k-flat F' in a Riemannian symmetric space M is a totally geodesic sub-
manifold isometric to EF for some k& € N, that is, for every p € M and any
X,Y € T,M orthonormal we have

kp(Span{X,Y}) = 0.

Remark. Notice that a 1-flat is nothing but a geodesic. Moreover, if the sectional
curvature of the symmetric space is strictly negative, then the symmetric space must
be of rank one. The rank one symmetric spaces of non-compact type are exactly
the real, complex and quaternionic hyperbolic spaces and the hyperbolic plane over
the Cayley numbers.



II1.2. FLATS AND RANK 93

Theorem II1.6

(1) Let (G, K) be a Riemannian symmetric pair of compact or non-compact
type, dem: p — T,M and Exp,od.m:p — M. Then F > o is a flat
subspace if and only if

F = (Exp,od.m)(a)
where a C p is an Abelian subspace.

(2) If M = G/K is of non-compact type, Exp,od.m: a — F' is an isometry.

Proof. (1) Let F be totally geodesic. Then F' = (Exp,od.m)(n) where a is a Lie
triple system. Thus F'is a Riemannian symmetric space with Riemannian sym-
metric pair (G, K') where ¢ = n @ [n,n] and K’ = K UG'. Since G’ acts
transitively on F, it is enough to consider the sectional curvature at the base-
point o € M. We then note that for all XY € p we have from that
ko(Span{X,Y'}) = —By([X, Y], [X,Y]), so that for all X,Y € n,

Ko(Span{X,Y}) =0 =3 (X, Y]=0.

(2) For every X € p we note that

oo (TX |p>n

dx (Exp, 0 dem) = (doLexp x 0 dem) o — (2n +1)!

n

where the first term preserves the inner product and the second is in general
distance increasing. However, if X € a, then Tx ’a = 0. Since Exp,od.7 is
a diffeomorphism (Proposition , it is a Riemannian isometry and thus an
isometry. [

We need to find a way to determine the maximal Abelian subalgebras in p. To
this purpose, if X € g we write

Centry(X) ={Y €g:[X,Y] =0}

If a C pis Abelian and X € a, then a C Centry(X)Np. It follows that if Centry(X)Np
is Abelian, it must be maximal.

Definition: Regular and Singular Elements

X € p is called regular if Centry(X) Np is Abelian and singular otherwise.
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Theorem III.7: [Hel01, Lemma V.6.3(i)]

Let M = G/K be a Riemannian symmetric space of compact or non-compact
type, G = Iso(M)° and let a C p be a maximal Abelian subspace. Then there
exists an element X € a such that Centry(X) Np = a.

Proof. If a C p, let exp(a) < G be the corresponding connected Lie group and let
A = exp(a). We want to show that exp(a) is closed and hence a torus.

Note that since a C p, then for all X € a ©(X) = —X. Moreover, since © = d.o
we have for all X € a,

o(exp(X)) = exp(O(X)) = exp(—X) = exp(X) ™"

By continuity,
o(a) =a* Vac A

and therefore ©(X) = —X for all X € Lie(A). Thus Lie(A) C p and, by maximality
of a Lie(A) = a. Thus A = exp(a) is closed. Since exp(a) is compact and any
connected Abelian Lie group is of the form T* x R!, A = exp(a) must actually be
a torus, since it is compact. There exists a dense flow, that is, X € a such that
{exp(tX) :t € R} is dense in A. If X € a C p, then a C Centry(X) Np.

To show the reverse inclusion, let Y € Centry(X) Np and note that {exp(sY) :
s € R} commutes with {exp(tX) : t € R} and hence with A = exp(a) by density.
Thus [Y,a] = 0. Since a is Abelian, a + RY is Abelian too and a + RY C p. Since
a is maximal Abelian, we have that a + RY C a which gives Y € a.

Let now M be of non-compact type and (g,©) be the associated orthogonal
symmetric Lie algebra. Take then M* its compact dual with (g*, ©*) the associated
orthogonal symmetric Lie algebra. We note that a C p is Abelian if and only if
ta C 1p is Abelian. Therefore, by the conclusion for the compact case, there exists
iX € ip such that ia = Centry(iX) Nip. Thus we conclude that

a = Centry(1.X) N p. [

Theorem III.8

Let M = G/K be a Riemannian symmetric space of compact or non-compact
type. If a,a’ are maximal Abelian subspaces of p, there exists k € K such

that o’ = Adg(k)a.

Definition: Rank

Let M be a Riemannian symmetric space of compact or non-compact type.
The rank rk(M) is the dimension of a maximal flat in M.

7
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Proof of Theorem[II.§ Let X € a and X’ € a’ be two regular elements. Consider
the function

fi K — R
k — By(Adg(k)X, X")

As K is compact and f is smooth, f has a critical point ky € K. Thus for all Z € ¢

0= % . f(koexp(tZ)) =
_ % By(Ada (ko exp(t2)) X, X')
t=0
- % By(Ada (ko) Ade (exp(t2)) X, X')
t=0

g(Ad(;,(kg)(adgZ)X,X')
= g(AdG(kO)[Z,X],X/)
By([Adg (ko) Z, Adg (ko) X], X')
—By([Ada (ko) X, Adc (ko) Z], X)
Bg(A c(ko)Z, [Adg (ko) X, X']) .

-

(Adg(exp(t2)X), X’)

~
EE ct

Since p is Adg(K)-invariant, then Adg(ko)X € p and hence [Adg(ko)X, X'] € L.
Since Z is arbitrary, it follows from the non-degeneracy of the Killing form that
[Adc(ko) X, X'] = 0, that is Adg(ko)X € Centrg(X’). Since X' is regular, this
implies that Adg(ko)X € Centrg(X') Np = o/. But o' is Abelian, hence every
element in a’ commutes with Adg (ko)X and hence

@' C Centry(Adg(ko)X) Np
= Adg (ko) (Centry(X) Np)
= Adg(]{?())(a)

By maximality it follows that o' = Adg(ko)(a). |

Corollary III1.9

Let M be a Riemannian symmetric space of compact or non-compact type.
Every geodesic is contained in at least one maximal flat.

It is contained in exactly one flat if and only if the X € p that defines it is
regular.
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Proof. Let v(t) = exp(tX) - 0. Thus v C exp(a) - o for every Abelian a with X € a.

(<) Let X € p be regular and let a,a’ C p be maximal Abelian subspaces such that
vy Cexpa-oandy Cexpd -o. Since X € a’ and @' Abelian then all elements in a’

commute with X and hence a’ C Centry(X) Np = a. But from Theorem [[1I.8 we
know that dim a = dim ', so that from a’ C a we deduce that a = a'.

(=) Conversely, let us suppose that « is contained in exactly one flat, v C expa- o,
where a C p is maximal Abelian. Suppose that X is not regular, that is Centry(X)Np
is not maximal Abelian, so that a C Centry(X) Np. Let X' € Centry(X) Np and
X' ¢ a. Since [X, X’] = 0, the Span{X, X'} is Abelian and let a’ be a maximal
Abelian that contains Span{X, X'}. Since X € o', then v C exp(a’) - 0 which is a
contradiction because X’ ¢ a and X' € a, so that a # a'. [

Example. We have seen that if M = SL(n,R)/SO(n,R), then p = {X € sl(n,R) :
X = X'}, We claim that H € a is regular if and only if ¢; # ¢; if i #. Note that
saying that X € Centry(H) N p means that for all 1 <i,j <n

If t; # t; for i # j, then X;; = 0, so that X € a and hence Centry(H)Np C a. If, on
the other hand, 0 = [H, X] for some other H such that ¢; = ¢; for some i # j, then
X;; could be non-zero and Centry(H) Np would not be Abelian anymore. Thus is

a:= {diag(t1, ce 7tn) . t]’ € R’th - 0}
j=1

is a maximal Abelian subspace of p.

We have seen that SL(n,R)/SO(n,R) is the set Pos;(n) of positive matrices
with determinant 1, with the action by conjugation g - p = g'pg for p € Pos;(n),
g € SL(n,R) and with base point Id,, € Pos;(n). Hence a maximal flat is

F =expa- ]dn = {diag(e%l, Ce 76%") : tj - R, Zt]‘ - O}
7j=1

= {diag()\l,...,)\n) DA > O,H)\j = 1}'
j=1

Now we show that if X € a has non-distinct eigenvalues, it is contained in a
1-parameter family of flats. We will show it in the case n = 3. Consider

X =

OO =
O = O
N OO
m
=
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and let Y be a vector orthogonal to X (e.g. Y = diag(l,—1,0)). Then a =
Span{X,Y} is a maximal Abelian subalgebra containing v = exp(tX) C exp(a).
It is easy to see that if

cosf) sinf 0
kg = | —sinf cosf 0] € K,
0 0 1

then Adg(kg)X = X, but Adg(ke)Y # Y. Thus v belongs to the one-parameter
family of flats Adg(kg)Span{X, Adg(ke)Y } = Span{X, Adg(ke)Y}.

Example. Let M = SO(p,q)/SO(p) x SO(q), for p < ¢q. A maximal Abelian
subspace a C p is given by

a:{<21 1(;1> : A:(aij>EMqu(R),CLU:Oif’l’#]’}’

so tk(SO(p, ¢)/SO(p) x SO(q)) = min{p, ¢}.

Example. If M = Sp(2¢,R)/(SO(2¢)NSp(2¢, R)), then a maximal Abelian subspace
a C p is given by

A 0 :
az{(o —A) : A:dlag(tl,...,tq),tjeR}.

and hence rk(M) = q.

I1II.3 Roots and Root Spaces

Let (g,©) be an orthogonal symmetric Lie algebra of non-compact type. On g x g
we can define the following positive definite bilinear form

(X,Y) = —B,y(X,0(Y)). (IIL.3)

Notice that the restriction of this form to p coincides with the Killing form.

Lemma II1.10:

For every X € p the operator ady X is self-adjoint with respect to (-, ).

Proof. We need to show that if X € p, Y, Z € g, then

((ady X)Y, Z) = (Y, (ady X)Z) .
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This is a simple verification. In fact, from ©(X) = —X we get

((ady X)Y, Z) = =By((ad, X)(Y), 0(2))
= By (Y, (ady X)©(2))
= By(Y,[X,0(2)])
= By(Y, [-0(X),8(2)))
= —B,(Y, 6((ady X)Z))
= (Y, (adX)Z) . |

It follows from the above lemma that if a C p is a maximal Abelian subspace,
then {ad; X : X € a} is a commuting family of self-adjoint operators which are
simultaneously diagonalisable, and we can consider the following

Definition: Root and Root space

A linear map «: a — R is called a root of the pair (g, a) if
g ={X €g: (ady H)(X) = a(H)X for all H € a} # {0}.

In this case the subspace g, is called a root space.

We have the following rather immediate properties:

(1) [8a) 98] C Bars-

(2) ©(8a) = §—a, and, in fact, ©: g, — g_, Is an isomorphism.

Proof. (1) Let X € g, and Y € gg. Then for any H € a we have [H, X| = a(H)X
and [H,Y] = B(H)Y, so that, by the Jacobi identity,

[Hv [Xv Y“ = [[HvX]7Y] + [Xv [H, Y]] = [Oé(H)X, Y] + [X’ﬁ(H)Y]
— a(H)[X, Y] + B(H)[X, Y] = (0 + 8)(H)[X,Y].

(2) Let X € g, and H € a C p arbitrary. Then [H, X] = «(H)X and ©(H) = —H,
so that

[H,O(X)]=—[0(H),0(X)]=-0[H,X]=-0(a(H)X) = —a(H)O(X). B
If @« =0, then a C go = Centry(a). If

Y = {a: a is a non-trivial root of (g,a)}
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denotes the set of non-trivial roots of (g, a), then we have a decomposition

0=009 ) ga.

aEX

because {ad(H) : H € a} is a commuting family of diagonalisable endomorphisms.
Observe that this decomposition is orthogonal with respect to the scalar product
(-,+). Moreover it follows from the finite dimensionality of g that the set ¥ is finite.

Before showing that the roots of the pair (g, a) satisfy the properties of an ab-
stract root system (see Theorem and § ?77), we want to show how regular
elements can be found using the roots of (g, a).

Notation. From now on, we will always assume that a C p is a maximal Abelian
subalgebra. Then we observe

If a C p is maximal Abelian, then

goMNp=a.

Proof. We obviously have
aCgonNp={Xep:[X,H] =0 forall H € a}.

On the other hand, if X € go N p, then a + RX is an Abelian subspace containing
a, which, by maximality of a, implies that X € a. [ |

A vector H € a\ {0} is regular if and only if a(H) # 0 for all « € .

Proof. (=) As H € a~ {0} is regular, Centry(H) N p is maximal Abelian. Since a
is maximal Abelian and a C Centry(H) Np we necessarily have a = Centry(H) N p.

Assume by contradiction that there exists @ € ¥ such that a(H) = 0. Let
X € g\ {0}, X = 3(X+0O(X)) and X, = $(X —O(X)). Then X = X+ X, € t®p
and we get for any A € a

adg (A)(Xe + Xp) = a(A)(Xe + X,).
From the relations [¢,p] C p and [p,p] C ¢ it follows in particular that for all A € a

ady(A)(X,) = a(A)X.. (II1.4)
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But if a(H) = 0, then ady(H)(X,) = 0, hence X, € Centry(H) Np. From this and
again from ([I11.4) we get

0 = adg(A)(X,) = a(A) X,

for all A € a. But as o # 0 on g, this implies X¢ = 0 and therefore X = X, € a.
Thus g, C a in contradiction to the fact that a C go.

(«<=) Assume now that a(H) # 0 for all « € ¥, but that H € a\ {0} is not regular.
Then Centrg(H) N p is not maximal Abelian, that is a C Centrg(H) Np. So there
exists Y € Centry(H)Np with Y ¢ a. Let Y, denote the projection of Y on the root
subspace g,, so that

Y=Y0) Ya

aeX

where Y; € Centry(a) C Centry(H). Then
0=[HY]=[HY Y] =) [HY.]=) a(H)Y,.
acd aEX acx

Since a(H) # 0 for all @ € ¥ this implies Y, = 0 for all a € ¥. We conclude
Y =Y, € Centry(a) Np = a which is a contradiction. |

Corollary I11.14

Let a,.; denote the set of regular elements in a. Then

Oreg = 0\ U ker .

Q€Y

Definition: Weyl Chamber

Let a be a maximal Abelian subalgebra. A connected component of a,e, is
called a Weyl chamber in a.

Remark. e Note that a Weyl chamber is an open cone in FEuclidean space, as
it is the complement of a collection of hyperplanes

(X ecg: alX)=0}.

e A Weyl chamber can also be described as the equivalence classes in a of the
equivalence relation

H, ~ Hy s Oé(H1>Oé(H2) >0 forall €.
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Example (Continuation of Example [[I1.2). Let G/K = SL(n,R)/SO(n) and de-
note by E;; the matrix whose (¢, j)-th matrix coefficient is 1 and all other matrix
coefficients are 0. If H; == Ej; — E;1 41, then (Hy, ..., Hy 1, Ejj 1 1 <i# j <n)
is a basis for g. Moreover, if H = diag(ty,...,t,) = >_J_, t;Ej; € a, then it is easy
to check that

adg(H)(Ey) = [H, Eij] = (ti — t;) Eyj ,
and
ady () (H;) = 0
for all 7, 7. Thus there are n(n — 1) non-zero roots {w; }i-;, given by
aij(A) = Aii — Ajj,

and n(n — 1) one-dimensional root spaces g;; = gq,, spanned by Ej; for i # j. The
space a is spanned by (Hy, ..., H, 1) and go = a. In particular we can write

i

We want to show in this example that there is a one-to-one correspondence
between the Weyl chambers of a and the elements of the permutation group S, in
n letters. In fact, let A = diag(Aq,...,\,) and B = diag(p, ..., u,) be regular
elements in a. Since A is regular, the \; are distinct and there exists a unique
permutation o € S,, such that

)\0(1) > > )\g(n) .
Similarly, since B is regular, there exists a unique permutation 7 € S, such that
Hr) = == > Hr(n) -

The condition that A, B determine the same Weyl chamber is exactly that they are
equivalent, that is

(Ai = M) (i — ) >0

for all ¢ # k. It is not difficult to show that this holds if and only if o = 7, so that
a Weyl chamber in a is given by

n
at = {diag(ts, ... .ta) €a: Y tr=0,t; >ty > >1,}.
=1
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Now let

at —a
a— H,

be the isomorphism defined by
a(H) = By(H, H,) forall H €a.

The central result is the following

Theorem III1.15

Let a C p be a maximal Abelian subspace, ¥ C a*\ {0} the set of non-trivial
roots of a in g. Then ¥ is a root system, that is

(1) ¥ spans a*. Let o, 3 € .. Then

? 2By (H,, Hs)
P Bl €7
(3) B (Hoz Hﬁ)
A A

\.

Remark. We note that for every a € a* \ {0} the map

S, at — a*
Y
(o, a)

is the orthogonal reflection fixing the hyperplane orthogonal to «.. In particular we
have

e S,(a) =—a and p (5)

o S.(8)=Bif § La. S

and property (2) above states that S,(X) C X for all a € ¥. Property (3) above is
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more mysterious and will be a consequence of the classification of finite-dimensional
representations of sl(2, R).

We start the proof of Theorem [[TL.15] with the following lemma:

Lemma II1.16

Let (g,0) be an orthogonal symmetric Lie algebra of non-compact type and
a a maximal Abelian subspace of p. For a € ¥ and X € g, we denote x,, the
unique positive multiple of X such that

xOé?‘Ta - Bg(Ha, Ha)
Let o
Yo = —@(l'a) and ha = m
Then
[.’Ea, ya] = ha
[ha, Ta| = 22,
[haaya] = _an-

Example. Let us now look at a special case of Example [[T1.2] namely g = sl(2,R)
and © € Aut(g) defined by

O(X)=—-X' for X esl(2,R).

{3 %) 2e3

is a maximal Abelian subspace of p. Since for all A\, x, y € R

(0 5)60)] =2 0)
6 5)-G a6 o)

(G 5)) -

Recall that

defining o € a* by
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w={(0 5) ez}
o= {() 0)verl}.

To find the H, that realizes the isomorphism a* — a, o — H,, let H = <)\ 0 ) €

we get go = a and

0 —A
a be a generic element and let us find u € R such that H, = (’g —OM) realizes the
isomorphism. Then a computation shows that

2\ =o(H) = By(H, H,) = 8\p,
so that p = }l and hence

L 1 2H, 10
4 By(H,, H)) =82 ==, and hy = —————— = .
0 _%) ) g( ) ) K 5 an Bg(Ha,Ha) (O _1>

0 x
00

(GG

and setting this to be equal to

Now we look for z,. Let X = < ) € go-A computation gives

2
By(Ha, Ha)

gives us that z, = %X . Thus
(01 (00
=0 o) T\ o0)
We found in fact the standard basis for sl(2,R), namely

_ (01 _ (00 _ (1 0
ey = <O O)’ e_ = (1 O) and h = (O _1).

The following corollary is the generalization of the above example to the case of
a semisimple Lie algebra.
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Corollary I1I1.17

Given a € ¥ and X € g,\{0} we define z,,y, and h, as in Lemma |[II.16
Then the linear map s[(2,R) — g defined on a basis via

€y = Ty
€— = Ya
h — h,

is an injective Lie algebra homomorphism with image

sl(2,R)x = Rz, + Rh, + Ry, C g.

Remark. Note that z, € ga, Yo € §_o and h, € a.

Proof of Lemma[IIL 16, Since h, € a and z,, € g, we have
[P To] = a(ha) .

By definition of h,,

2a(H,,)
ha) = o)
) = B (. o)
_ 2By(H,, H,)
B BE<Ha7Ha)
= 2.
Similarly we compute [hqa, Yo = —2Ya.

To show that [z4,Ya] = ha, note that

[, Yol = [Ta; —O(20)] = —[Ta, O(2a)]-
Since
2H,
he = ————
BQ(HCU Ha)
= <l’a, xoc>Ha
the claim follows from the following statement. [ ]

Lemma III1.18
Let o € ¥, X € g,. Then

[X,0(X)] = —(X, X)H,.
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Proof. By the definition (IIL.3)) of the scalar product on g it is enough to prove that
[Xu @(X>] = BG(X7 @<X))Ha

We first claim that [X,©O(X)] € a = go N p: Indeed, X € g, implies O(X) € g_,,
hence [X,O(X)] € ga+(—a) = go- On the other hand, we have

O([X, 6(X)]) = [0(X), X] = —[X, 6(X)],

hence also [X,0(X)] € p.
Therefore
[X,0(X)] — By(X,0(X))H, € a,

and it remains to prove that this expression is in fact zero. Our strategy of proof is
to show that it is orthogonal to every element in a:
So let H € a C p be arbitrary. Then using the equation

a(H) = By(H, Ho) = By(Ho, H) = {Ha, H)

we get

and it follows that
([X,0(X)] — B4(6(X),X)H,, H) =0 forall H € a. [ |

Remark. a(h,) = 2,a(H) = By(H, H,) will be used over and over in the upcoming
computations.

According to Corollary [I11.17| we obtain for any X € g, \ {0} a representation of
s[(2,R) on g via

SI(2,R) — sl(2,R)x % gi(g).

It is therefore essential to understand the representation theory of the Lie algebra
s[(2,R). We summarise the relevant information in the following
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Theorem I11.19: [Ebe96, Lemma 1, p. 151]

(1) Every finite-dimensional representation of s[(2,R) is a direct sum of irre-
ducible representations.

(2) Every finite-dimensional irreducible representation of sl(2,R) is classified,
up to isomorphisms, by its dimension. If p: sl(2,R) — gl(V') is an irre-
ducible representation, then p(h) is diagonalizable with simple eigenvalues

{(dmV -1)—2n:n=0,...,dimV —1,}
that is

{—(dimV —1),—(dimV —3),...,dimV — 3,dim V' — 1}.

Examples. (1) If dim V' = 1, we have only the trivial representation p: sl(2,R) —
gl(R) = R where p(X) = 0. In particular p(h) = 0 and 0 is the only eigenvalue.

(2) If dim V = 2 we have the identity representation p: sl(2,R) — gl(R?) , p(X) =

X. Since
1 0

the eigenvalues are —1,+1 with eigenspaces Re;, Re, C R2
(3) The adjoint representation

ad: sl(2,R) — gl(sl(2,R))
X —  ad(X)

is the irreducible representation of s[(2, R) in dimension 3. The eigenvalues are
—2, 0, 2 with eigenspaces Re_, Re, RhA.

(4) The general irreducible representation of dimension n + 1 of s[(2,R) can be
described as follows. Let Vj, be the (n + 1)-dimensional vector space of homo-
geneous polynomials in X, Y of degree n, that is

V, = {Z a XY a, € R}.
k=0

Then the Lie group SL(2,R) acts on V,, by linear substitution via

pn: SL(2,R) — GL(V,,)
g = pl9)
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where (p,(9)P)(X,Y) = P((X,Y)g) for P € V,,. Differentiating at the iden-
tity thus yields a map dpp,: sl(2,R) — gl(V},).

a

Explicitly, writing A = (c b ) € sl(2,R) we get

(dapn)(A)P(X,Y) = d

| P (exp(tA))P(X,Y)

t=0

_ % P Y exp(t4)

= dx ) P((X,Y)A)

oP oP

Taking A = h and P(X,Y) = X* Y™ * this simplifies to

(dggpn) (W) XFY™™F = (2k — n)XFY "k

so that the eigenvalues are {2k —n :k=0,... ,n} ={-n,—n+2,...,n—2,n}
with eigenspaces RY”, RXY"! ... RX" 'Y RX"

Proof of Theoren|[[II.15 For a, 3 € ¥ we set
Wia = EP{8p4ka : k € Z} C .

For X € g, \ {0} we consider ad, restricted to sl(2,R) x = Rz, +Rh, + Ry,. Since
(80,08 C Bats) Ta € Bas Ya € G—a We get that W, is invariant by ad, |5[(2 R)x "
Moreover, if Y € ggiyaq, then

adg(ha)(Y) = [ha, Y]
= (B4 ka)(ha)Y = (B(ha) + ka(hy))Y

and thus the eigenvalues of ady(h,) on W3, are

{B(ha) + ka(hy) : k € Z such that ggira # {0}}

2

= {B(ha) + 2k : k € Z such that § + ka € X U {0}}.

Since g is finite dimensional, there is of course a finite number of eigenvalues of
ad(hy) on Ws,. We set then

r=min{k € Z: 5+ ka € X U{0}}
s=max{k €Z: 4+ ka e XU{0}}
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and let nx = nx(f5,«) be the maximal dimension of an irreducible submodule of
W5, that is sl(2, R) x-invariant. By Theorem [[I1.19] (2) we have

1 —nx = f(ha) +2r
ny — 1= P(hy) +2s

and therefore —3(h,) = r + s € Z, which shows assertion (3) in Theorem [[II.15

since

Blha) = 5 ($>

B(Ha)
Bg(Ha,Ha)
BQ(HOM H,B)
Bg(Ha, H,) '

=2
=2

Again by the theory of irreducible finite-dimensional representations of sl(2, R)
we note that ggire # {0} if and only if r < k < s.

As € ¥ we know that gz # {0} and thus » < 0 < s. Since —f(h,) =7+ s we
thus further have r < —f(hq) < s and consequently gsg_gm.)a 7# {0}. This leaves
two possibilities:

(1) It B - B(h’a)a 7é 07 then 5 - B(ha) €.

(i) If 5—pB(ha)a = 0, then 8 = [(hy)a. In particular B(hy) = B(ha)a(ha) = 26(ha),
which implies B(hs) = 0 so that 8 — S(hs)a = € X.

In any case we have f—(h,)a € X, so assertion (2) in Theorem [[11.15(is proved. W

In fact, in the course of the previous proof we have shown the following fact of
independent interest:

Lemma II1.20

Let o, § € ¥ and assume that 3 ¢ Zo. Define

re=min{k € Z: f+ ka € XU {0}},
s=max{k €Z: [+ kaecXU{0}}.

Then for all k € [r,s] N Z we have [+ ka € 3.

We can hence give the following definition
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Let a, B € ¥. An a-string of [ is a subset of ¥ of the form
{B+ka:r<k<s,rsel}.

The a-string of § is maximal if 5+ (r —1)a ¢ ¥ and B+ (s + 1) ¢ X.

III.4 Abstract Root Systems

Remark. Root systems are very useful due to several aspects such as
e the classification of complex semisimple Lie algebras,

e the study of the finite dimensional representations of semisimple Lie groups
and

e the study of geometric properties of Riemannian symmetric space .

Theorem [[II.15] introduces a structure called root system that leads to a finite
reflection group, its Weyl group. The latter is an example of a much wider class
of groups called Coxeter groups that acquired a prominent status in the theory of
buildings and in geometric group theory. In this section we will establish certain
fundamental properties of root systems and their Weyl group.

Let E be a euclidean space with scalar product (-, -), and v € E\{0}. Recall that

is the reflection on E with respect to the hyperplane y*. In particular we have
oy () = —-

Definition: Root systems

A root system of rank dimE is a subset ¥ C E\{0} such that
(1) X spans E,

(2) 04(X) =X for all a € X,

(8, )

(3) for all a, 5 € ¥ we have 2
(o, o)

€ Z.

\.

Example. The root spaces of a in g.
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Remark. The third condition implies that if § = A € ¥, then X € {£3, £1, +2},
because these are the only values for which 2\ € Z and % SYA

Definition: Reduced Root Systems

A root system is reduced if from § = A« it follows that A = +1 or A = —1.

Remark. Given an arbitrary root system X, on obtains a reduced root system by
setting

Z’::{QEZ:%%E}.

Since our focus will be on the group generated by the reflections {0, : a € ¥},
we may restrict ourselves to the reduced root system Y', because the reflections
{04 : a € X'} generate the same group.

Example. Examples in rank 2 are

° Al XAli
uﬁ

|
o
A
v
o

® A23

—a—p8Y -8
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g Pta

b+ 2«

—5—204 —5104 _B

We want to understand the configuration of root systems. If we call p == £L(«, ),
then we observe that

But it follows from the third condition that

n(f,a) = ”6” cosp € Z
and reversing the roles of a and f also that
n(a, B) = ” | cos p € Z.

181

It follows that n(a, 8)n(3, o) = 4 cos? p € Z, which implies cos ¢ € {0, %3, :I:\[ :I:‘f}
and hence only leaves the following possibilites for non-proportional roots

e [n(Ba) np)  Eh

5 0 0 undetermined
z 1 1 1

i -1 -1 1

% 2 1 2

i -2 -1 2

1

5 3 1 3

%” -3 -1 3

Out of this table we get the following
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Lemma III1.21
If o, € ¥ are not proportional, then

e if (o, 3) > 0, we have f — a € 3, and

e if (o, B) <0, we have B+ a € ¥.

Definition: Basis of Root System

A subset A C ¥ is called a basis for X if
(1) A is a basis of E,

(2) for any root a € ¥ all coordinates of « in the basis A are integers of the
same sign.

Definition: Simple Roots

The elements of A are called simple roots.

| r

Lemma I11.22

If a, B € A are two distinct simple roots, then {(a, #) < 0.

Proof. 1t (o, ) > 0, then f — « € 3 by the previous Lemma. This contradicts
property (2) of a basis. [ |

Notation. For v € E\{0} we write

P’YZ{BEE3<%B>:O}

Notice that P, is a hyperplane which separates [E into two connected components.

Definition: Weyl Chamber and Regular Elements

e A Weyl Chamber is a connected component of E\ | J .5 Pa-

e An element v € E is regular if (o, ) # 0 for all roots o € ¥, that is if
v belongs to some Weyl chamber.

Remark. This is compatible with the previous definitions.

THE FOLLOWING NEEDS TO BE CHECKED AND MAYBE PUT AT THE
END OF THE SECTION...
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Definition: Coxeter Graph

e A Coxeter Graph is a finite graph whose vertices are connected by
0,1,2 or 3 edges.

e A Coxeter Graph of a Root System with respect to A has the
elements of A as vertices and n(a, f)n(3, a) edges between o and p.

| r

Definition: Irreducible Root Systems

Let E=E; @E; and ¥ C E\ {0} a root system in E. If 3, := ¥ NE; is
a root system on E; for ¢ = 1,2, we say that ¥ is reducible. If not, ¥ is
irreducible.

Fact. (1) Any root system can be decomposed into a sum of irreducible root sys-
tems.

(2) X is irreducible if and only if its Coxeter graph is connected.

Theorem I11.23

Every connected non-empty Coxeter graph of a root system is isomorphic to
one of the following:

4

Ay eeee
Bn.’ —o oo ole
D,: H—4—<
Gy: e

c H—I—o—c

—l...
Es: H—I—O—O—H

Idea of the Proof: Take a Coxeter graph GG with vertex set Y. Define a bilinear form
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(-,-) on R*! on the basis {ea}aes by

COS(%) a and 3 are connected by 0 vertices
( ) COS(%“) «a and 8 are connected by 1 vertex
€as€3) =
o cos(?jf) «a and B are connected by 2 vertices
cos(%”) « and [ are connected by 3 vertices

If ¥ is irreducible, there exists a unique (up to a constant) inner product on E. This
will lead to the classification. [

The Coxeter graphs do not specify everything. We still need the relative length
of the roots to the following matrix.

Definition: Cartan Matrix

If 3 is a root system, the Cartan Matrix of ¥ with respect to a basis A is
the matrix with entries (n(3, @))a.gea-

Fact. A reduced root system is defined up to isometry by its Cartan matrix.

We put weights on each vertex « proportional to the length squared («, ). The
diagram obtained in this way is called the Dynkin diagram of . Two proportional
Dynkin diagrams describe the same Cartan matrix.

Theorem I11.24

SAME DIAGRAMS AS BEFORE? Each non-empty connected Dynkin dia-
gram is isomorphic to one of the following

Ay oo e
B,: e e exe
D,: e

Gy: e

F4,‘ o—eo—o

Eg: H—I—H
Er: H—I—o—o—o
FEg: H—I—O—O—O—.
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Remark. This is a classification of the simple complex Lie algebras as any simple
complex Lie algebra g determines an irreducible root system, hence a Cartan matrix
and a Dynkin diagram. Conversely, any Dynkin diagram defines a Cartan matrix
which determines an irreducible root system and therefore a simple complex Lie
algebra g.

We next wish to construct a basis A(v) starting from a regular element ~ such
that A(y) = A(y) if v and 4/ are in the same Weyl chamber. To do so, we first
consider

S () i= fa € S+ (a,9) > 0}
= {roots on the same half-space as 7},
()= -20)

and notice that obviously we have

X=X (y)UX(v).

Definition: Indecomposable Roots

a € X1 (y) is called indecomposable if it cannot be written as a sum of two
elements in X7 (). We then define

A(y) = {a € ¥*(y) : @ indecomposable}.

Remark. For a given basis A we can write
r=Xtux-

where X7 denotes the set of all roots with non-negative coefficients in the basis A,
and X~ the set of all the roots with non-positive coefficients in the basis A.

Theorem II1.25

If v € E is a regular element, then A(v) is a basis of ¥. Moreover, every basis
of ¥ is of this form.

Proof. We first show that property (2) of a basis is satisfied by showing that every
element in X7 () is a linear combination of elements in A(y) with non-negative
integers as coefficients:
We write
{la,y) ;a et ()} ={0< s < < s}

and assume by contradition that there exists @ € X7 () such that « cannot be
written as a linear combination of elements in A with non-negative integers as
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coefficients. Notice that if o were indecomposable, then o € A(~) by definition,
which would be a contradiction to the choice of «.

Among these counterexamples we now take one for which («,~y) is minimal, say
{a,y) = sp, k€ {1,2,...,¢}. As a is decomposable we can write a = (31 + [, with
b1, B2 € LT (7), hence

sk = {(a,7) = (B1,7) + (B2, 7),
>0 =0

which implies k # 1 and (#;,7) < s, for i = 1,2. But as any § € ¥ (v) with
(B,7) < sg—1 < s can be written as a linear combination of elements in A with
non-negative integers as coefficients, the same holds for a« = [, + (2, which is a
contradiction to our assumption.

We next show that A(7y) is linearly independent: We write

0= Z Ao
a€A(y)
and consider the sets
At ={a e A(y): Xy >0},
A™ ={f e A(y): g <0}.
Our goal will be to show that AT = A~ =. We observe that
doda==> A=Y |NlB
aeAT BeA~ BeA~

and thus
2

S daal| = (3 A, 3 1l

acA+ acA+ BeA—
= D alMsl{aB).
acAt BeA—

Notice that if o, 5 € A(7) are distinct, then (o, 5) < 0. Otherwise Lemma [[I1.21
would imply f — a € ¥ (y) or a — f € ¥7(7), hence

f=B-a)taeX" o a=(a-p)+peX,
which contradicts that o and § are indecomposable. So we conclude that

Z Ao

acAt

2

Y Al 8) <0,

aceAt BeA—
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hence Z Ao = 0, so by definition A* we get AT =. Similarly we obtain from

acAt
S slB= ) daa=0

BEA— acAt

and the definition of A~ that A~ =.
We finally consider any other basis A C ¥ of E. It is an easy exercise to show
that there is exists v € E such that

(a,7) >0  forall o€ A.
Then clearly v € E is regular, and moreover
YPCYf(y)  and X C X (y).
From
Y=Xtux-
=X (UL (v)

it follows that we have X% = ¥%(v). Since A(v) consists of indecomposable elements
we have A(y) C A and thus A(y) = A. |

Remark. If 7,7 belong to the same Weyl chamber, then A(y) = A(y/) since
sign((,7)) = sign({a,7)) Ve €.

It follows that there is a one-to-one correspondence between bases and Weyl cham-
bers.

Definition: Weyl Group of Root System

If a € ¥ and o0, denotes the reflection with respect to P,, then
W= (0,:a€X)<O(E)

is called the Weyl Group of .

\.

Remark. If w € W, then w(X) = ¥ and for every w € W and o € ¥ we have

-1
wo W = O'w(a).

Thus W permutes the Weyl chambers and in fact, if 7 is regular and C(+y) denotes
the Weyl chamber containing v, then
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Moreover, if A is a basis, then w(A) is also a basis for all w € W. Hence W also
permutes the set of basis of 3. Notice that if C' is a Weyl chamber containing + and
~', then

SHy)=%"(y) and A(y)=A().

This gives a W-equivariant map between the set of Weyl chambers and the set of
basis of >..

Theorem I11.26

Let A be a basis of ¥. Then
(1) W = (o, :a€A),
(2) W acts simply transitively on the set of bases and

(3) W acts simply transitively on the set of Weyl chambers.

Lemma II1.27

Let o € A C 3, where ¥ is a reduced root system. Then o, permutes X7\ {a}.

Proof. Let 5 € ¥t\{a} and write

/B - ZC(S(S Wlth Cs € ZZO
LISTAN

As ¥ is reduced,  is not a multiple of o and thus ¢s # 0 for some § # «. But

(8, )

(@, q)

oa(B) =B —

«

and thus the coefficient of § in o,(3) is the same as the coefficient of § in 5. Thus
0o(B) € 1 and since also 0,(8) # « we have

7a(B) € E\{a}.

Lemma II1.28
If 3= scs+ O then

oa(B) =5 — 2 for all « € A.
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Proof. Observe that =) sesH\{al} 0 + «, hence by the previous Lemma

0a(B) = 04 Z 0+«

sext\{a}
= Z d+ oa()
sex+\{a} —
= [ —2a. |
Lemma III.29
Take ay, ..., an € A (not necessarily distinct) and write o; = 04,1 = 1,...,n.
Assume o1 -+ 0,_10,(a,) € XF. Then there exists i € {1,2,...,n — 1} such

that

Proof. Note that o, (a,,) = —a, implies that oy ---0,_1(a,) € ¥~. We then distin-
guish two cases:

1. If 0,_1(cv,) € X7, then «,, = o, because o, permutes L\ {a} for all « € A.
But then o, = 0,,_1 and hence

2. If 0,,_1(v,) € X7 then let 1 < i < n — 2 be the smallest index such that
Oip10n1(ay) € 5T and 0041 On_1(ay) € X7,
Then with w == 0,41 -+ 0,_1 € W we have w(a,,) = «; and thus
0i = Oa; = Ow(an) = waanw_l = wanw_l.
So we get
Oi+1 " 0p-10p = WOy = O;W = 0041 Op—-1,

and if we multiply this on the left by oy - - - ; this finally yields

010041 Op = 01 030 Oig1 "+ Op1. u
~—
—1d
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From this lemma we immediately get the following

Corollary III1.30

Let 0 = 04, -+ 0,4, where n is the minimal number of factors in a product
decomposition of o as a product of reflections in A. Then

o(an) € X7.

Proof of Theorem [II.26. We write W' = (0, : @ € A).

1. First we show that W' acts transitively on the set of Weyl chambers. We need
the following

Claim: Let v € E be regular. Then there exists o € W' such that
(o(y),a) >0  VYaeA.

Assuming the claim to be true, then transitivity follows from the fact that
o(C(7)) = Cla()).
Proof of Claim: Let 6 = ) s+ o and let o € W such that (o(v),7) is maximal.
Then for all a € A

(0(7),6) = (gala(7)),9)
= (0(7),04(9))
= (0(7),0 = 2q)
= (0(7),0) = 2{c(7), @)
)

well.

2. Now we prove that for any a € ¥ there exists o € W’ such that o(a) € A.

Indeed, as W’ acts transitively on the set of bases, it is enough to show that any
a € ¥ belongs to some basis. To do this, let v € P,\ Uges)\ {+a} Ps. Pick 7' close
to v such that (v,a) = ¢ > 0 and

(VB >e VB e T\{£a}
Thus « is indecomposable and belongs to X1 (4’) and hence to X (7).

3. We next show that W’ = W, which amounts to show that for any a € ¥ we have
oo € W' If a € ¥, then according to the second step there exists o € W’ such
that o(«) € A and hence

Oq = U_lag(a)a co 'Wo=W".
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4. We finally show that W acts freely on the set of basis. Let c € W = W' o # e
be such that o(A) = A. Write 0 = 04, - -+ 04, as a minimal product of simple
reflections ay,...,a, € A C X" with n > 2. Then o(a,) € ¥~ which is a
contradiction to o(A) = A C XT. |

II1.5 Iwasawa Decomposition

Let ¥ be a root system associated to an orthogonal symmetric Lie algebra (g, ©)
coming from a Riemannian symmetric pair (G, K). Denote g, the root spaces of
a € a*\{0} where a C p is the maximal Abelian subalgebra. Fix a Weyl chamber
at Ca,

Yr={aeX:a(H)>0VH €at}.

nt = GB Ja-

aext
Since [ga, 85] C ga+p and g is finite dimensional, n™ is nilpotent and N := exp(n™)
is a unipotent subgroup of G.

Theorem II1.31: Iwasawa Decomposition

We have

Set then

g=tdadn™.
If Nt = exp(n™) and A = exp(a), then the map

KxAx Nt =@
(k,a,n) — kan

is a diffeomorphism.

Sketch of the proof: Let X € 3 .o ga. Since O(ga) = g—o We can write

X =X +6(X) - 0(X)
———— =

ct ent
showing that
Z Ce+n'.
aex-
Moreover, since go Np = a, we have
go=0goMg
=goNpSgoNt

=(goNt)®a.
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Thus we finally get

9= 8 + Y Gat D> 0a

=(goNt)Da aE¥™ aeXt
Ct+nt =nt
Ctdadn’ ]

Remark. Let M = G/K be a Riemannian symmetric space with base point o € M.
Then
M=Nt-A-K-o=N"-A-o0

is a foliation of M by the flats A - o.
Example. (SL(n,R),SO(n,R)) with
at = {diag(ty,... . tn) 1 3 t;=0,t; > >t,}.
We saw that there are n(n — 1) roots
a;;(H) =t —t; for Hea"
with corresponding root spaces g,; = RE;;. Then
YT =A{ay i <j}
and a basis is A = {a;;41 : 1 =1,...,n—1}. Then n* C sl(n,R) corresponds to

the strictly upper-triangular matrices and N* C SL(n,R) corresponds to the upper
triangular matrices with ones on the diagonal. Finally

A:{m%@h”wMyI]&:1}

so that
SL(n,R) =SO(n)- A-N*

which is essentially Gram-Schmidt.
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Appendix A

Lie Groups

Definition: Lie Group

A Lie group is a smooth manifold that is also a group and such that the group
operations are smooth. The dimension of a Lie group is the dimension of the
underlying manifold.

Example. (1) (R", +);

(2)

The general linear group
GL(n,R) :={g € R" : detg # 0}.

It is disconnected, and the two connected components are characterized by the
sign of the determinant. In particular GL(1,R) = (R*,-).

The special linear group

SL(n,R := {g € GL(n,R) : detg =1}

s 0 0
is connected and not compact since it contains the matrix g, := [ 0 % 0
0 0 I,

Let B, R" x R — R be the symmetric bilinear form of signature (p, ¢), where
g =n —p and let @), be the associated quadratic form. Let

O(p,q) :=={g9 € GL(n,R) : Q,(gv) = Q,(v) for all v € R"}.

We claim that O(p, q) is compact if and only if p = 0. We illustrate the argument
in the case in which p = 1 and the general case will be clear. If (eq,...,e,) is
the standard basis of R™, let us consider the new basis (€], €}, €3, . .., e,), where

125
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€] = es —ey and €}, = es +e;. With respect to this new basis the quadratic form
Qp becomes Q,(v) = —vf + 37", v7. It is clear that the matrix g, in (3) is in
O(1,n — 1) which is hence not compact.

If on the other hand p = 0, the bilinear form B, is nothing but the usual inner
product in R™ and the group O(0,n) is called the (real) orthogonal group and
is usually denoted by O(n,R). If g € O(n,R), we can write g = ((¢1) ... (cn)),
where for ¢ < 7 < n the ¢; are n x 1 column vector such that ¢; = ge;. Then
(¢1,...,¢,) is an orthonormal basis in R", so that ||¢;|| =1 for all 1 < j < n.
Thus |g;;| <1 for all 1 <4, j <n and hence O(n,R) is compact.

(5) The unitary group
U(n) = {g € GL(n,C) : g — I},
where ¢g* = g, is compact while the complex orthogonal group
O(n,C) :={g € GL(n,C) : 'gg = I}
is not.

(6) If B: C*" x C* — C is the standard non-degenerate skew-symmetric bilinear
form on C?"

B(x,y) == Z (Zp¥ntp + TrtpYp)

1<p<n
the symplectic group is

Sp(2n, C) :={g € SL(2n,C) : B(z,y) = B(gz, gy) for all 2,y € C*"}
={g €SL(2n,C): 'gFg=TF},

0o I,
where F' = (_[n O)'

(7) The product and the semidirect product of Lie groups is a Lie group.
(8) The n-dimensional torus T™ is an Abelian Lie group, where
T:={2€C: |z| =1},
and can be identified with

SO(2,R) = (0)(2,R) N SL(2,R) = {g — ( cosf = sin 8)}

—sinf@ cosf

cosf  sin 9)

via the isomorphism e” .
—siné cosf
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(9) All countable discrete groups are (zero-dimensional) Lie groups.
(10) Every subgroup of a Lie group is a Lie group.

(11) Every Lie group is locally isomorphic to a linear Lie group, that is to a subgroup
of GL(n,R).

(12) The universal covering SL(n,R) of SL(n,R) is a Lie group but not linear, that
is there are no faithful representations into GL(n,R). In fact, as manifolds,
SL(n,R) is diffeomorphic to SO(n,R) x E* for some k € N. Then

ZQ TLZ?)

m(SL(n,R) = m(SO(n,R) = {Z n—9

—_——

Thus SL(n,R) is the two-sheeted cover of SL(n,R) if n > 3 and is the infinite-
sheeted cover of SL(2,R) if n = 2.

Definition: Lie Algebra

A Lie algebra g is a finite dimensional vector space endowed with a bilinear
antisymmetric operation |, |: g x g — g, called the bracket, that for all
X,Y, Z € g satisfies the Jacobi identity

[Xa [Y7 ZH = [[Xv Y]>Z] + [Y> [X’ ZH 2

We say that g is Abelian if [X,Y] =0 for all X,Y € g.

Example. (1) Any associative algebra is a Lie algebra with the bracket

la,b] = ab—ba.

(2) The space of n x n matrices is a Lie algebra with the bracket induced by the
matrix multiplication.

(3) The vector space Vect(M) of smooth vector fields on a manifold M is a Lie
algebra in which the operation is the bracket of vector fields.

(4) The vector space R? is a Lie algebra with the cross product.

Let G be a Lie group and let L, be the left translation on G. We say that a
vector field X € Vect(G) is left invariant if (L), X = X. It is easy to see that the
space Vect(G)Y of left invariant vector fields is closed under the bracket operation
and is hence a Lie subalgebra of Vect(G) thus a Lie algebra as well. It is easy to
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see, via the evaluation map, that Vect(G)“ can be identified with the tangent space
to G at the identity and is hence finite dimensional.

Definition: Lie Algebra of a Lie group

The Lie algebra of a Lie group G is the vector space Vect(G)Y of left invariant
vector fields on the group. The Lie algebra of a Lie group G is denoted by g
or Lie(G).

Definition: Lie group and Lie agebra homomorphisms

(1) A Lie group homomorphism is a group homomorphism that is smooth.

(2) A Lie algebra homomorphism is a linear map ¢ : g — b such that
e([X,Y]) = [p(X),o(Y)] for all X,V € g.

Recall that any measurable homomorphism of a locally compact topological
group is continuous and, if the group is actually a Lie group, it is smooth.

In the case of a linear Lie group the identification with the tangent space at the
identity has also the very nice consequence that the bracket of vector fields can be
computed as the bracket of matrices in the following sense:

Proposition A.1:

The Lie algebra Lie(GL(n,R) = gl(n,R) is isomorphic as Lie algebra to R™*"
with the usual bracket of matrices.

The following result gives the relationship between Lie group homomorphisms
and Lie algebra homomorphisms. Recall that if G, H are topological groups, a local
homomorphism is a map ¢: U — H, where U C G is an open neightborhood of
e € G, such that p(xy) = ¢(x)p(y) for all z,y € U such that zy € U.
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Proposition A.2:

(1) If ¢: G — H is a Lie group homomorphism, then d.p: g — b is a Lie
algebra homomorphism.

(2) If G, H are Lie groups with Lie algebras g, 4, and w: g — b is a Lie algebra
homomorphism, then there exists a local homomorphism ¢: B — H such
that dep = .

(3) If the homomorphism in (2) is an isomorphism, the local homomorphism
is a local isomorphism.

(4) If two simply connected Lie groups have isomorphism Lie algebras, then
they are isomorphic.

The hypothesis that the Lie groups in (4) are simply connected is essential as
the following example shows:

Example. Let ¢: R — S! bt eh homomorphism ¢ + e. Then dyp: Lie(R) —
Lie(S") is a Lie algebra isomorphism and so is also (dgp)™': Lie(S') — Lie(R). If
(do) ™! were the differential of a homomorphism ¢ : ST — R, ¢(S') would be a one-
dimensional compact subgroup of R. But this is impossible since the only compact
subgroup of R is trivial. Hence (dgp)~"! is the differential of a local isomorphism.

Definition: One-parameter Subgroup

A one-parameter subgroup of a Lie groups is a Lie group homomorphism
¢: R — @, that is a smooth curve that is also a homomorphism.

The hypothesis of simple connectivity plays in our favor in this case. In fact,
given a Lie group G and X € g we can define a Lie algebra homomorphism Lie(R) —
g defined as t — tX. By Proposition ??7 there exists a local homomorphism that,
since R is simply connected, extends to a global homomorphism. We denote by ¢x
the one-parameter subgroup such that

ex(0)=e and ¢x(0)=X.

The link between lines in the Lie algebra and one-paramenter subgroups in the
Lie group is given by the exponential map.
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Definition: Exponential Map

The exponential map of the Lie algebra g (or equivalently, of the Lie group G)
is defined as

exp;: g — G

When there is no risk of confusion we might drop the subscript g.

Example. (1) If G = S!, then exp: Lie(S') — S is, the usual exponential map
exp(t) = e".

(2) In the case of the general linear group, the exponential map is, once again, just
the usual exponential of a matrix

exp(X) = e :Zf.

Proposition A.3: Properties of the exponential map

Let G be a Lie group with Lie algebra g and let X € g.
1. exp(t; +t2) X = exp(t1.X) exp(toX) for all ty,ts € R.
2. exp(tX)™! = exp(—tX) for all t € R.

3. exp : g — G is a smooth map, and a local diffeomorphism from a
neighborhood of 0 € g onto a neighborhood of e € G. In fact, dyexp =
Id.

If h: G — G is any homomorphism, then, chasing the definitions, one can check
the naturality of the Lie group exponential map. In other words, the following
diagram commutes

that is, for all g € G and X € g,

exp(d.hX) = h(exp X) . (A.1)
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A particularly important homomorphism is the conjugation ¢,: G — G, defined
by ¢,(h) == ghg™!. This is a Lie group isomorphism whose differential

Adc(g) =decy: g — g
at the identity e € G is a Lie algebra automorphism, that is
Ada(g)([X,Y]) = [Ada(9)(X), Ada(g)(Y)]
for all X,Y € g and g € G. In particular applied to h = ¢4 yields
exp(Adg(g)X) = gexp Xg~". (A.2)
The map
Adg: G — GL(g)

is a group homomorphism called the Adjoint representation of G. Taking this one
step further, its derivative at the identity

ady == deAdg: g — gl(g)
is the adjoint representation of g. This is a Lie algebra homomorphism, that is
ady([X,Y]) = [adg(X), ady(Y)]

for all X|Y € g.
Neither Adg nor ady are necessarily faithful. Their respective kernels are the
center Z(G) of G and the center 3(g), which satisfy the relation Lie(Z(G) = 3(g).
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Appendix B

Preliminaries

B.1 Topological Preliminaries

Let X by a a topological space and (Y,d) a metric space. A family F C
C(X,Y) of functions if equicontinuous is for every x €X and every € > 0,
there exists an open U, C X such that for all f € F and all 2’ € U,,

d(f(z), f(z)) <e

Theorem B.1: Ascoli—Arzela

Let X be a topological space and (Y, d) a metric space. Give C(X,Y) the
compact-open topology and let F C C(X,Y’). Then:

(1) F is equicontinuous and the set F, = {f(a) : f € F} has compact closure
for all a € X then F is relatively compact.

(2) The converse holds is X is locally compact and Hausdorft.

7

133
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A (topological) fiber bundle B consists of
1) a topological space B (bundle space),

(1)

(2) a topological space X (base space),

(3) a continuous map P: B — X (projection),
(4)

4) a topological space Y (fiber) such that for every z € X the fiber p~'(x)
must be homeomorphic to Y.

Moreover a fiber bundle is locally trivial, that is
(5) forevery x € X, there exists a neighborhood V' of x and a homeomorphism
©: VxY xp {(V)

such that the diagram

commutes, that is pp(z’,y) =2’ for all 2’ € V and y € Y.

Finally a cross-section of B is a a continuous map o: X — B that is a right
inverse to p, that is such that poo(z) =z for all x € X.

We consider now the case in which B is a group, so that X ia a G-homogeneous
space X = G/H and Y = H = Stabg(p). This is what is called a principal
bundle. In this case having a local cross-section implies (5). In fact we can define
0: Vx H—p (V) as

o(x, h) =o(x)h
and it is easy to verify that poo(x, h) = z. For the inverse ¢~ we have the formula

e (p~ () = (z, 27 o (p(x))),

where we need to verify that 2 'o(p(x)) € H. In fact, by definition of o,

p(z " o(p(x))) = p(z~)p(o(p(x))) = pla™")p(z) = p(z~'z) = p(e) € H .
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B.2 Differential Geometrical Preliminaries (added
as we move along, no logical order...)

Let M be a Riemannian manifold and po € M. Then there exists a ball
B,.(po) that is a normal neighborhood of each of its points, with the following
property. Let p,q € B,.(po) and let v: [0,1] — M the unique geodesic in
B,.(po) joining p = v(0) and ¢ = (1) and let L(~y) be its length. Then:

(1) For any (p',v) near (p,7(0)) with v € TyM, |jv|| = 1, there exists a
geodesic ¥ in B,(po) of the same length as L(v) starting at p’ and with v
as tangent vector in p'.

(2) The data (p',v) (and hence the geodesic ') depends smoothly on (p,(0)).

B.2.1 Completeness

Theorem B.3: Hopf—Rinow

Let (M, g) be a Riemannian manifold. The following assertions are equivalent:

(1) M is geodesically compete, that is, all geodesics are defined over R or,
equivalently, Exp,, is defined on T, M for all p € M;

(2) There exists p € M such that Exp, is defined on T, M ;
(3) (M,d) is complete as a metric space.
(4) The closed bounded subsets of M are compact.

Moreover, each of these assertions implies the existence of a minimizing
geodesic between any two given points.




136 APPENDIX B. PRELIMINARIES

B.2.2 Connections

A C* or affine connection V on a differentiable manifold (M, g) is a map
V: Vect(M) x Vect(M) — Vect(M), (X,Y) — VxY with the properties
that for every f, f' € C*°(M) and every X, X" Y)Y’ € Vect(M),

(1) VixipxY = f(VxY) + f((VxY);
(2) Vx(fY + f'Y') = fVxY + f'VxY' + (X )Y + (Xf)Y".

\.

Remark. (1) A C* connection V is R-linear in both variables, but it is C*°(M)-
linear only in the first variable and not in the second one.

(2) Another difference between the role that the two variables X, Y play, is reflected
in the fact that the value at the point p € M of the vector field VxY depends
only on the value X, of the vector field X at p, but not on the vector field X.
(The same is not true of the dependence on Y'.)

A connection allows to differentiate vector fields defined along curves. If v: R —
M is a smooth curve, we call V5 X the covariant derivative of X along .

We say that a vector field X along a curve v is parallel if VX = 0.

While “constant” vector fields, that is vector fields Y € Vect(M) such that at
every point p € M (VxY'), = 0 for every X € Vect(M) rarely exists, it follows from
the existence and uniqueness of the solutions of differential equations always exist:

Proposition B.4

Let M be a differentiable manifold. Given a curve y and a vector v € T )M,
there exists a unique vector field X" parallel along «y such that X, o) = v.

The parallel transport along ~y from 7(0) to (¢) is defined as the linear isomor-
phism Ty M — TyyM given by v — (X"),@. This gives an identification of
the tangent spaces at v(0) and at y(¢). Geodesics in a differentiable manifolds are
defined as differentiable curves : I — M such that V;)§(t) =0 forallt € I C R.

One could add more conditions to the ones definining an affine connection. An
affine connection satisfying also condition (3) below is called a symmetric connection.
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An affine connection that in addition satisfies
(3) it is symmetric, namely [X,Y] = VxY — Vy X, and
(4) Xg(K Y/) = g(VX7 Y7 YI) + g(Y7 vXY,)

is called Riemannian connection.

Theorem B.5: Fundamental Theorem in Riemannian Geometry

Given a Riemannian manifold (M, g), there exists a unique Riemannian con-
nection, called the Levi-Civita connection.

The following lemma is not at all surprising;:

Lemma B.6:

Let (M, g) be a Riemannian manifold with Levi-Civita connection V. Let
v: R — M be a smooth curve, Y a parallel vector field along v and [ €
Iso(M). Then f.Y is a parallel vector field along f o ~y.

Proof. Let us consider the map Vect(M)x Vect(M ) — Vect(M) defined by (X,Y) —
[V x[.Y) = DxY. If we show that DxY satisfies (1) through (4) of Defini-
tion 77, then by Theorem ??, VxY = 71 (V. x f.Y), so that f.(VxY) =V xf.Y.
If X =4, then f,(V:Y) = Vs .Y = V(s fiY, s0 that V(o fiY = 0if V5Y = 0.

Properties (1) and (2) are obvious. To see (3), recall that [f.X, f.Y] = f.[X, Y],
so that

VixfY = Vv X =X, £Y] = f[X,)Y] = f.(VxY = VyX).
It follows that
(X, Y] =VxY —-VyX =DxY —DyX,

so that (3) is verified. Then (4) follows from the following chain of equalities:

g(DxY,Y’ ) +9(Y, DxY")
=g(f (Vix Y)Y ) +g(Y, [ (Vex L.Y)
:g(vf*Xf*Ya f*Y/ ) + g(f*Y7 vf*Xf*Y/)
=(fX)g(f.Y, £Y' )
=1X) fi(g(Y, Y )
=Xg(Y,Y’ ).
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In fact, this is only a particular case of the fact that if f: M — M is a diffeo-
morphism and V: Vect(M) x Vect(M) — Vect(M) is an affine connection, then
D: Vect(M) x Vect(M) — Vect(M) defined by DxY = f (V. xf.Y) is also an
affine connection. In particular, if M is a Lie group and f := L, is the left translation
via g € (G, then a connection that satisfies

VY = (Lg)7 (Vir).x(Lg):Y) (B.1)
is called left invariant.

Here is a result about the differential of the exponential map associated to an
affine connection. Recall that an affine connection is analytic if the map p — (VxY),
is analytic for any two analytic vector fields X,Y € Vect(M).

It X € T,M, for p € M, we denote by X* the vector field defined on a normal
neighborhood around p € M, obtained by parallel translation of X along a geodesic
joining two points.

Recall that there exist neighborhoods N, (M) of ¢ € M and V,M of 0 € T,M
such that Exp,: V; — N,M is a diffeomorphism. The differential at X € V,M
will hence be: dx(Expy)q: Tx(VuM) = Tigxpo),x)Ng(M) or else, by identifying
Tx(V,M) with T, M,

dx (Expy)g: TyM — Tigxpe),x) (M) .

An analogous relation holds for X, provided that ¢ is small enough that tX € V,M.

It X € T,M, for ¢ € M, we denote by X* the vector field defined on a normal
neighborhood around ¢ € M, obtained by parallel translation of X along a geodesic
joining two points.

//

Theorem B.7: Helgason

Theorem 1.6.5, Helgason Let M be an analytic manifold with an analytic
connection. Let ¢ € M and X € T,M. Then there exists ¢ > 0 such that for
Y ¢ T,M,

(n+1)!

(dux (Expe))(¥) = (Z w(y*))
(Expy)(tX)

for |t| < €, where §(X) = [X,Y].

B.2.3 Curvature

We know that if X,Y are vector fields, [X, Y] measures the extent to which X and
Y do not commute. We can also define a quantity that measures the extent to which
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VxY and Vy X do not commute, by adding also a term that depends on [X, Y] and
“makes things better”.

Let M be a manifold with an affine connection. The curvature of M is
a multilinear mapping (when Vect(M) is considered as a C*°(M)-module)
R: Vect(M) x Vect(M) x Vect(M) — Vect(M) defined by

R(X, Y)Z = VX(VyZ) - Vy(VXZ) - V[X’y]<Z) 5
To every X, Y € Vect(M), it associates the curvature operator

R(X,Y): Vect(M) — Vect(M)

It follows from the presence of the term V|xy that at each point p € M the
vector (R(X,Y)Z), depends only on X,,,Y,, Z, and not on their values in a neigh-
borhood of p. Thus R defines a linear transformation R(X,,Y,): T,M — T,M and
in fact R: T,M x T,M — Lin(T,M) is a map that to two vectors at the point p,
associates a linear operator from 7, M into itself.

If M is a Riemannian manifold, then the Riemannian metric allows us to see the
curvature as a (4,0)-tensor, by setting R(X,Y, Z,T) = g(R(X,Y)Z,T).
The Riemann curvature tensor has the following symmetries:

(Rl) R(vay ZvT) = _R(KX7 ZaT) = R(ZaT7XaY)7
(Re) R(X,Y)Z+ R(Y,Z)X + R(Z,X)Y =0 (First Bianchi Identity)

It is not difficult to see that the curvature tensor and the curvature operator
completely determine each other.

Given a Riemannian manifold, there are other notions of curvature. The sec-
tional curvature K (P) of a 2-plane P in T,M is defined as follows. If {u,v} is an
orthonormal basis of P (orthonormal with respect to the Riemannian metric g) then

K(P) = —R(u,v,u,v). (B.2)

The sectional curvature coincides with the usual notion of Gaussian curvature on
a surface. Namely, if P is a tangent 2-plane in 7, M and ¥ is a portion of surface
in M tangent to P at p, then the sectional curvature of P is exactly the Gaussian
curvature of ¥ at p.

Moreover the symmetry properties of the Riemann curvature tensor imply that
it can be completely determined by knowing the sectional curvature on all sections
of T,M.
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B.2.4 Totally Geodesic Submanifolds

Let M be a Riemannian manifold and N C M a connected submanifold. Let
p € N The submanifold NV is geodesic at p if given any tangent vector v € T),N,
the M-geodesic 7,: — (¢,€) — M with «(0) = p and 4(0) = v is contained in
N.

The submanifold N is totally geodesic if it is geodesic at every point p € N.

It is not difficult to show that then the M-geodesic v C N is also an N-geodesic
and that any N-geodesic is also an M-geodesic. As a consequence, if M is complete,
then N is complete.

Totally geodesic submanifolds in Riemannian manifolds are not frequent. If
M = R"™, then linear subspaces and their translates are totally geodesic. If M =
S™ C R™"! then the intersection of S™ with linear subspaces are totally geodesic. It
was proven by Cartan, that if a Riemannian manifold M has the property that for
every p € M and for every two-dimensional plane P C T,,M, there exists a totally
geodesic submanifold tangent to P, then M has constant curvature.

Theorem B.8:

Let M be a Riemannian manifold and N a connected complete submanifold.
Then N is totally geodesic if and only if the M-parallel transport along curves
in N sends tangent vectors to N to tangent vectors to N.

One direction of the above theorem is obvious if we replace ” curve” with ” geodesic”.
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